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ABSTRACT
Using immobilized microorganisms for ethanol 
fermentation from biomass has attracted much interest in 
recent years. Such a system offers unique advantages over 
traditional fermentation processes, e.g. higher 
productivities, higher ethanol tolerance, and continuous 
operation. The goals of this research were as follows : (1 )
to study the growth behavior of immobilized yeast cells and 
diffusion charateristics of the support, (2) to develop 
immobilization technology and improve the physical 
properties of the support, (3) to develop a generally 
applicable parameter estimation method for the complex 
reaction kinetics of immobilized biocatalysts, and (4) to 
determine ethanol fermentation kinetics using immobilized 
yeast cells.
In initial studies on the immobilization of yeast cells 
on agar, the formation of an active layer on and near the 
surface of the support was observed. The thickness of this 
layer was found to be constant regardless of the size or 
shape of the support. It was also independent of substrate 
concentration. Both the growth of cells and the production 
of carbon dioxide reduced the diffusional resistance of the 
gel, an indication that the gel network underwent 
significant structural changes.
A new method was developed for treating agar or 
carrageenan gel with polyacrylamide to form a more rigid 
support. The size and shape of the gel beads were unaffected
xiv
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by this treatment, but the physical strength was much 
improved. The productivities achieved for ethanol production 
were as high as or higher than those reported in the 
literature.
A method was also developed for estimating intrinsic 
kinetic parameters for reaction systems of immobilized cells 
and enzymes under the influence of internal and external 
diffusion resistances. The technique was found generally 
applicable to any reaction system which follows either 
Michaelis-Menten kinetics with product and/or substrate 
inhibition, or any exponential reaction rate expression.
The method employs orthogonal collocation into which 
Powell’s nonlinear least square minimization algorithm is 
incorporated.
Finally, the above method for kinetic parameter 
estimation was successfully applied to ethanol fermentation. 
Statistical analysis showed that Monod's model, both with 
substrate and product inhibition, and with product 
inhibition alone, fitted the experimental data.
xv
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CHAPTER ONE INTRODUCTION 
The world crude oil shortages and uncertainty of supply 
in recent years have renewed interest in developing new 
technology for the production of ethanol from the 
fermentation of biomass, such as c orn s tover, wheat straw, 
rice straw, bagasse, molasses, etc.. In the past decade some 
new laboratory scale processes have been reported to improve 
the efficiency of traditional batchwise fermentation. These 
processes include continuous fermentation with cell recycle 
(Ghose et al. , 1979), or without cell recycle (Cysewski et 
al.. 1976), continuous fermentation in a closed system in 
which the yeast cells remain in the fermentor by either 
sedimentation or filtration from the fermenting broth 
CPortno, 1967, and Pirt et sal., 1970) and vacuum 
fermentation with cell recycle (Cysewski et al., 1977).
Recently increasing attention has been paid to the 
utilization of viable whole-cell immobilization or rapid 
fermentation of ethanol in a packed column by Kierstan and 
Bucke (1977), Wada et al.. (1979,1981), Sitton and Gaddy 
(1980), Larsson and Mosbach (1979), Ghose and Bandyopadhyay 
(1980), and Linko et al. (1981a, 1981b). In contrast to a 
CSTR, the dilution rates of an immobilized cell reactor can 
be increased without washing cells out of the column; thus 
high productivity can be achieved. The advantages of an 
immobilized cell reactor for ethanol fermentation may be 
summarized as follows :
(1) It permits continuous operation in contrast to
1
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2batchwise fermentation.
(2) It can operate at high dilution rate without washing 
out of cells.
(3) It gives high productivity, high conversion, thus 
smaller reactors.
(4) Product inhibition can be minimized since it only 
affects the last portions of the reactor.
(5) Contamination by the other microorganisms can be 
minimized due to the high density of cells in the 
reactor.
(6) Problems such as cell separation and cell recycle 
are avoided.
The goals of this research were as follows : ( 1 ) to
study the growth behavior of immobilized yeast cells and 
diffusion charateristics of the support, (2) to develop 
immobilization technology and improve the physical 
properties of the support, (3) to develop a generally 
applicable parameter estimation method for the complex 
reaction kinetics of immobilized biocatalysts, and (4) to 
determine ethanol fermentation kinetics using immobilized 
yeast cells.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER TWO LITERATURE SURVEY
2. 1 Progress of Fermentation Technology
Ethanol fermentation has been traditionally operated 
batchwise. In this system the yeast yield under anaerobic 
conditions is low, around 1-2%, thus the inoculum size 
should be controlled and an initial aerobic stage is coupled 
to increase the yeast concentration in the fermentor. In the 
past two decades more efficient ethanol fermentation 
technologies have been developed, as described by the 
following sections.
2.1.1. Continuous Fermentation
Although the methods suitable for the continuous 
fermentation of wort’ have been discussed, patented, and 
examined on the laboratory or pilot-plant scale since the 
begining of the century, commercial reality did not come 
until the 1960s. Theoretical aspects of continuous 
fermentation are fully discussed by Herbert (1961) and 
Portno (1968). The major types of continuous fermentation 
may be classified as follows.
(1) Open system
Bishop (1970) used two stirred vessels followed by a 
smaller settling vessel such that yeast escaped with the 
beer. Therefore, this is an " open system”. Oxygenation of 
the wort is carefully controlled to allow satisfactory yeast
3
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4growth in the first vessel. Under steady state conditions, 
the wort is fermented to half gravity in the first vessel 
and, in the second further conversion is achieved with only 
a small increase in the yeast population.
(2) Tower Fermentor
The second continuous system is the tower fermentor 
which accomodates fermentation and yeast separation within a 
single vessel, as reported by Klopper et al, (1965) and 
Ault et al.(1969). Aeration is critical, as unacceptably 
high concentrations of esters are found under conditions of 
deficient oxygen supply. Ault et al.. reported that the 
residence time in the tower fermentor can be as little as 
four to six hours, whereas batch fermentation requires 72 
hours.
Although Thorne (1970) reported that deleterious 
mutations of S^ . carlsberoensis can be expected when a 
continuous fermentation is operated over a prolonged period, 
little trouble seems to have been experienced from 
detectable alterations in yeast behavior. Invasion of a 
continuous fermentation system by a " killer yeast " has, 
however, been reported by Maule and Thomas (1973); 80% of a 
yeast culture died within 24 hours, so that the whole plant 
had to be closed down and sterlized.
(3) Plug Fermentor
The latest development of continuous fermentation is
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5the plug fermentor by Narziss and Hellich (1971). In the 
plug fermentor, clear de-oxygenated wort is pumped through a 
mixture of lager yeast and kieselguhr. Baker and Kirshop
(1973) tested this fermentor with cerevisiae and showed 
.that this system can be equally effective with ale yeast.
The life time of the plug fermentor is only about one week, 
as it gradually becomes occluded with colloidal material 
from the wort.
2.1.2. Continuous Fermentation with Recycle
A more productive fermentor requires a higher cell 
population, which must be maintained either by selectively 
retaining cells within the fermentor or by returning 
separated cells from the effluent to the fermentor. Cell 
retention and cell return are two different means of cell 
recycle.
(A) Cell Return
Both centrifugation and sedimentation can be adapted 
to produce yeast for recycle purposes. Cysewski and Wilke 
(1977) using a laboratory-scale system to ferment a 10%
(w/v) glucose feed, were able to build up a cell retention 
of 5% (w/v) by returning yeast from a simple settler, giving 
ethanol productivity as high as 28 g/l/hr compared with 
7 g/l/hr in homogeneous operation. Engelbart and Dellweg 
(1976) used a more effective recycle of strongly flocculent 
yeast to raise the yeast density to 10% (w/v), with
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6productivity as high as 50 g/l/hr. Ehnston (1976) Described 
the use of a specialized centrifugal separator to obtain a 
return stream with about 15% (w/v) yeast.
(B) Cell Retention
The simplest systems for cell retention are simple 
tower fermentors using strongly flocculent yeasts ( Hough 
and Button, 1972 ). Here, the substrate rises from the base 
of the tower through a bed of sedimented yeast. As it rises, 
the combined effects of C02 production and deflocculation of 
the yeast break up the bed and disperse the yeast. Near the 
top of the tower, the yeast reflocculates and returns to the 
middle section. Operation is thus part-way between a mixed 
system and a plug flow. The drawback is that if flocculation 
fails because of a change in some process variable the whole 
system becomes uncontrolled.
2.1.3 Vacuum Fermentation
The purpose of vacuum fermentation is to remove the 
alcohol toxicity, which becomes the limiting factor when 
more concentrated substrates are used in a cell recycle 
system. Ramalinghan and Finn (1977) first used a 
labcratory-scale system for removing ethanol and C02 mixed 
with water vapor at 30°C and 32 mm Hg vacuum. This work 
showed that under reduced pressure the alcohol removal 
permitted a faster fermentation and also made it possible to 
use a feed-stock of minimal water content. Independently,
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7Cysewski and Wilke (1977) described a similar system in 
rather more detail. The fermentor was supplied with oxygen 
and coupled to a simple cooled settler from which a metered 
cell recycle was returned. The fermentor was operated at 
35°C and 50 mm Hg. A very high cell density of 12% (w/v) was 
attained in this system, in which the mixing was facilitated 
by the combined effects of boiling, C02 evolution, and the 
0 2 stream.
2.1.4. Fermentation by Immobilized Cells
A quite different approach to increase productivity is 
to immobilize cells on a solid support, such that a 
plug-flow system can be achieved in a packed bed reactor. In 
this system alcohol inhibition only affects the last 
portions of the reactor. This idea is originally derived 
from immobilized enzymes. The details are described in the 
following section.
2.2 Immobilization
Immobilization of enzymes and microbial cells means 
that the movement of these species in space has been 
restricted .either completely or to a small, limited region. 
They are confined or localized so that they can be reused 
continuously. Since 1960, a number of papers have been 
published on preparation, properties, and potential 
utilization of immobilized enzymes. Over the past ten 
years, the immobilization of enzymes has been the subject of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
8increased interest.
Microbial cells are convenient package of multienzyme 
systems which can be immobilized and used as solid 
catalysts. Immobilized whole cells are currently receiving 
much attention. However, there are fewer reports on 
immobilized cells than on immobilized enzymes.
Methods for immobilization of microbial cells can be 
classified into three categories analogous to immobilization 
of enzymes, that is carrier— binding, cross-linking, and 
entrapping methods. A number of papers on immobilization of 
microbial cells has been reviewed by Chibata et al. (1979).
2.2.1 Carrier— Binding Method
The carrier— binding method is based on direct binding 
of microbial cells to water— insoluble carriers. Microbial 
cells are ionicaiiy bound to water insoluble carrier 
containing ion-exchange resins. Hattor.i. and Furusaka (1960, 
1961) bound E. coli cells and Azotobacter aloile cells to 
Dowex-1. They observed that these immobilized cells showed 
oxidation activity for glucose and succinic acid. However, 
this method is considered not to be advantageous because 
enzymes and. cells may leak out of the carrier due to 
autolysis during the enzyme reaction.
2.2.2 Cross-Linking Method
Microbial cells' can be immobilized by cross-linking 
with bi- or multi- functional reagents such as
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9glutaraldehyde or toluene-diisocyanate. Chibata et. al.
(1974) investigated immobilization of E. coli cells having 
aspartase activity by cross-linking with glutaraldehyde, a 
bifunctional reagent. The immobilized cells showed 
aspartase activity corresponding to 34.2% of that of intact 
cells. The applications of this method for the production 
of ethanol have been reported by Sitton et al. (1980), and 
Navarro et al.. (1977).
2.2.3 Entrapping Method
So far the method of directly entrapping microbial 
cells into polymer matrices has been the most extensively 
investigated. Microbial cells can be entrapped inside a 
cross-linked gel matrix by allowing the gel to be formed in 
an aqueous solution containing the suspension of microbial 
cells. The commonly employed matrices are : (1) collagen,
(2) gelatin, (3) agar, (4) alginate, (5) carrageenan, (6) 
cellulose triacetate, (7) polyacrylamide and (8) 
polystyrene. Among these matrices, polyacrylamide gel has 
been extensively used for immobilization of many kinds of 
microbial cells. For ethanol fermentation by entrapped 
microbial oells, the, supports that have been employed are, 
K-carrageenan ( Uada gt al., 1980 ), polyacrylamide ( Siess 
et al. . 1981, and Shiotani et al.. , 1981 ) and calcium 
alginate ( Kierstan £ Bucke, 1977; Linko £ Linko, 1981a; 
Linko gt al.. , 1981b, Larson £ Mosbach, 1979; Shiotani gt 
al., 1981 ).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER THREE EXPERIMENTAL PROCEDURES
3.1 Organism and Culture Conditions
Saccharomyces cerevisiae American Type Culture 
Collection (ATCC 24553) a respiration deficient strain of 
yeast, was the organism used in this work. This strain was 
chosen because it was not necessary to provide strictly 
anaerobic conditions for it in the kinetic study. The 
culture of yeast cells prior to immobilization was carried 
out in a medium of the following compositions : glucose 20 
g/1; yeast extract ( Difco ) 10 g/1; peptone, 20 g/1;
KH2P0a , 5 g/1; pH adjusted to 5.0. Immobilized cells were 
grown in the following complete medium : glucose, 30 g/1; 
yeast extract < Difco ), 1.5 g/1; NH4C1, 2.5 g/1;
MgSO*.7HZ0, 0.25 g/1; K2HP04, 5.5 g/1; NaCl, 1.0 g/1; CaCl2, 
0.001 g/1; citric acid, 3.0 g/1 with the pH adjusted to 5.0. 
The feed stock for the continuous column operation was the 
same as the foregoing complete medium except that glucose 
concentration was raised to 100 g/1.
3.2 Analytical Procedures
3.2.1 Cell Mass Measurements (Suspended Cells)
The concentrations of cells in the preculture broth were 
measured by absorbance at 610 nm using a Gilford 
spectrophotometer model 250. A linear calibration curve for 
cell mass versus absorbance was obtained for cell 
concentrations less than 0.1 g dry wt/1; above 0.1 g dry
10
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wt/1 the absorbance values were corrected by the method of 
Toennies and Gallant (1949) (Fig.3.1). The dry weight 
concentration (g dry wt/1) of samples was determined by 
harvesting the cells, washing them three times with 
distilled water and then drying at 105°C to constant weight.
3.2.2 Cell Mass Measurements (Agar Beads)
For the determination of the average cell density in the 
gel beads, a single bead was chosen randomly from the sample 
population and the diameter of bead was measured (±0.1 mm) 
using a microscope with a vernier scale. The bead was then 
ground in a 50 ml porcelain mortar with a pestle, and 
diluted to at least 120 times its original volume with 
distilled water to lower the agar concentration below
0.025%. The turbidity of the ground mixture was then 
measured at 610 nm., where there was low background 
absorbance by the agar solution (0.063 absorbance of 0.02% 
agar) yet high absorbance for the cell suspension (Fig.3.2). 
The same percentage of pure agar solution was used as blank 
for the ground mixture. The cell concentration was then 
determined as if the cells were free in solution.
3.2.3 Glucose Concentrations
The glucose concentrations in the diffusant solution 
were determined by high performance liguid chromatography 
(HPLC) (Waters Associates Model 6000 A) using a differential
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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refractometer detector and an Aminex-T column with water at
2.1 ml/min as solvent. The calibration curve is plotted in 
Fig. 3.3. The glucose concentrations in the fermenting broth 
were determined by glucose oxidase method (Raabo et al. 
1960). The procedures were described in detail in Sigma 
Techical Bulletin No.510.
3.2.4 Ethanol Concentrations
Ethanol was measured by gas chromatography using a 
Perkin Elmer Model IB chromatograph. A six-foot 1/8 in. 
column packed with 0.2 % Carbowax 1500 on Carbopack type 
80/100 mesh was used with a flame ionization detector.
1-Propanol was used as the internal standard. The injector 
and detector temperatures were 175°C and the column oven 
temperature was kept at 120°C.
3.3 Immobilization Procedures
To form spherical agar or carrageenan beads, use was 
made of the viscosity and surface tension properties of corn 
oil. When a melted agar sol drops into commercial corn oil, 
perfect round drops form immediately. This special property 
made it convenient for forming different sizes of gel beads, 
varying from 3 mm to 1 cm. The first step of immobilization 
was to prepare a preculture solution (Section 3.1) 
containing a fixed concentration of cell suspension growing 
in the exponential phase. The medium described in Section
3.1 was used for this purpose. The growth curves thus
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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obtained are shown in Fig. 3.4.
The second step was to mix the precultured cell 
suspension with melted agar or carrageenan sol and to drop 
this mixture into cold corn oil (10-15°C) to form constant 
size of gel beads. The volume ratio of cell suspension to 
melted sol was kept at 1 to 9, and the temperature of both 
before and after mixing was maintained at 45°C. For the case 
of carrageenan, the beads were subsequently dropped into 1 
to 2 55(w/v) KC1 solution to harden the beads.
The third step was the incubation of these immobilized 
beads in the complete growth medium to obtain a high 
concentration of active yeast cells. The medium described 
in Section 3.1 was used for this purpose.
Immobilization of viable cells is different from that 
of enzymes or dead cells, whose concentration are easily to 
control initially, and whose activity doesn’t increase 
during the fermentation. The variation of activity of 
immobilized cells during the incubation and fermentation 
strongly depends on the size of inoculum and initial 
viability. Therefore a standard procedure had to be set up
in immobilization to control the quality, the concentration, 
and viabili-ty of cells in the gel matrix such that 
reproducible experiments can be obtained. The procedures 
include :
(1) Control the size of gel beads.
(2) Control the cell concentration and viability in the
preculture solution.
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(3) Control the immobilization temperature below the 
supermaximum temperature of the cells.
(4) Shorten the time of immobilization to minimize the 
deactivation of cells due to thermal death. For 
instance, the yeast cells may lose 96% of viability 
if they are kept at 50°C for over 20 min. (Uden, 
1968, Fig. 3.5).
To reduce elaborate immobilization work a faster 
immobilization method was developed for this work, and 
the apparatus is shown in Fig. 3.6.
Figure 3.6 shows the three parts of a rapid 
immobilization apparatus, the dropping cylinder, the oil 
bath, and the rotary shaker. The dropping cylinder, with 
multiple nozzles on the bottom, was used to produce multiple 
sol drops simultaneously, with constant size. The piston at 
the top of dropping cylinder was used to " sqeeze ’’ out 
melting sol through the nozzles. To minimize the cooling of 
melting sol when it passes through the nozzles, short (about 
6 mm long) low thermal conductivity plastic nozzles were 
prefered. The inside diameter of nozzles controls the size 
of beads produced. For 4 mm diameter beads, the inside 
diameter of nozzles should be about 1 mm.
The liquid drops were received by a circular pan 
holding 3 to 6 inches of pre-cooled commercial corn oil. The 
physical properties of commercial corn oil, such as 
viscosity , surface tension, and specific gravity, made it 
suitable as a gel forming agent for hydrogels such as agar
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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and carrageenan. To rapidly remove the gel beads formed in 
the oil bath away from the dropping area, the circular oil 
bath was mounted on a rotary shaker which operated at 50 to 
200 rpm.
3.4 Experimental Apparatus and Operations
For the kinetic study of immobilized yeast cells, two 
devices were used for measuring the reaction rate. They were 
the gradientless recirculating reactor (GRR) and the stirred 
flask. The GRR was operated continuously, whereas the 
stirred flask was operated batchwise.
The advantages of the GRR for the kinetic studies of 
immobilized biocatalysts have been described in detail by 
Ford et al.. ( 1972 ). In this work the GRR was used to 
measure the reaction rate at low substrate concentrations, 
where the drop of substrate concentration in the bulk liquid 
was too fast when the stirred flask is used. The stirred 
flask was used for measuring the reaction rate at high 
ethanol concentrations, in the bulk liquid for the product 
inhibition studies, where the variations of glucose and 
ethanol concentrations in the bulk liquid are not readily 
measurable over a short time. For this reason an indirect 
method was used. This method was to measure the rate of C0Z 
evolution from the reaction system in the low ethanol 
concentration region, from which a calibration curve between 
C02 evolution rates vs. ethanol production rates was thus 
obtained ( see Fig. 7.4 ). This calibration curve was then
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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used in the reaction system with high ethanol concentrations 
by converting the measured C02 evolution rate to ethanol 
production rates. Preliminary tests showed that the stirred 
flask (Fig.3.2) was better than the GRR for the indirect 
measurement of reaction rate at high ethanol concentrations, 
since C02 would accumulate in the packed bed in the GRR, 
leading to an error in measurement in the rate of C02 
evolution.
3.4.1 Gradientless Recirculating Reactor ( GRR )
The detailed GRR system is shown in Fig. 3.7, where 
RC-1 is a differential reactor for the reaction rate 
measurement, and PM-1 is the recirculating pump to maintain 
a certain interstitial velociy of liquid in the packed bed 
to minimize the external diffusion resistance. The 
circulating rate was monitored by the flow meter FM-1. Feed 
of substrate to the recirculating system was performed by 
the Master Flex peristalic pump PM-2. The feed stream was 
combined with the recirculating stream at point C, then it 
entered the holding flask HD-1, which was stirred by a 
magnetic stirrer and kept at 30°C in a thermostat.
Feed stream to the reactor RC-1 was delivered by the 
recirculating pump PM-1, to the bottom inlet of the reactor. 
Effluent from the reactor was separated into two streams by 
the separator SP-1. The stream at the top outlet (stream A) 
of SP-1 overflowed from SP-1 as the product stream, from
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which C02 gas evolved. The stream at the bottom of SP-1, 
the recirculating stream, Vis returned to the holding flask. 
Stream A then entered a liguid sample collector CT-1, which 
was kept at 30°C.
The characteristics of reactor RC-1 are listed in Table 
3.1. A 3% agar without gel phase polymerization treatment 
(as described in Chapter Five) was used as the material of 
the support since the diffusion coefficients of 3% agar had 
been measured, Chapter Four, while the diffusional 
resistance of treated agar gel depends on the extent of cell 
growth in the active layer after treatment, which is 
difficult to measure. For the convenience of the kinetic 
study, the concentration gradient of substrate and product 
along the axial direction of the reactor should be 
negligible, therefore the length of the packed bed was only
4.5 cm. (Table 3.1). The recirculating rate of the 
fermentation broth was maintained at 400 ml/min.
3.4.2 Stirred Flask
The purpose of stirred flask is to calibrate the rate 
of ethanol production vs. the rate of evolution of C02 at 
low ethanol concentrations, and to measure the reaction rate 
at high ethanol concentrations from the calibration curve. 
The reaction system is shown in Fig. 3.8. As shown in this 
figure, two 1000 ml. Erlenmyer flasks were placed in a 
magneticly stirred thermostatic bath maintained at 30 °C. A 
large amount of immobilized cells were prepared at the same
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Table 3.1 Recirculating Reactor Characteristics
1. Bead material
2. Bead diameter, mm
3. Total vol. of beads, ml.
4. Bed depth, cm.
5. Feed composition.
6. Feed flow rate, ml/min.
7. Recirculating rate, ml/min.
8. pH
9. Temperature, °C
3.0% agar
4. 12 
30.0
4.5
glucose, 0.55% K2HP0*, 
0.3% citric acid
6.75 to 9.20
400
5.0
30.0
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time according to the procedures in Section 3.3, and then 
incubated under the same conditions. Then 30 ml. of beads 
were placed in each flask, one for measuring the reaction 
rate at a given substrate concentration, while the other was 
used to measure the fermentation power (see Section 7.3) of 
the immobilized cells. All the feed substrate solutions 
were saturated with compressed C02 gas by sparging, so that 
the produced C02 would evolved quickly after the reaction 
started. For good reproducibility the beads in each flask 
were used only once.
Carbon dioxide evolved from the flask was led to the 
carbon dioxide measuring cylinder CL-1. This cylinder was 
hot water jacketed to maintain 30°C. At the begining the 
cylinder CL-1 was full of 4 N NaCl solution. As time went 
by, the'solution in CL-1 was expeled out of the cylinder by 
the produced carbon dioxide. The outflowing NaCl solution 
from the bottom of CL-1 was delivered to the bottom of 
collecting cylinder CL-2, which was also containing 4 N NaCl 
solution. The level of cylinder CL-1 was maintained the 
same as that in the cylinder CL-2, by an adjustable jack so 
that the pressure of carbon dioxide in CL-1 was always 
maintained .at 1 atm. From the variation of liquid level in 
CL-1, the rate of carbon dioxide production could be 
continuously measured vs. time. The reason for using 4 N 
NaCl solution was to reduce the solubility of carbon dioxide 
in water ( Yasunishi et al., 1979 ). The measurement of 
carbon dioxide volume was carried out in less than 20 min.,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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such that the amount of carbon dioxide absorbed by the NaCl 
solution was negligible (the detailed calculation is shown 
in Appendix A-3).
Since we were interested in the reaction kinetics of 
ethanol fermentation only, the growth of cells in the bulk 
liquid was be minimized. Therefore in both GRR and stirred 
flask reaction system only glucose plus the buffer of 0.55% 
K2HP0„ and 0.3% citric acid at pH 5.0 was used as the feed 
stock, instead of complete medium. The beads were used for 
only two to three days, then new beads were made. In this 
manner the decay of cells was minimized during the 
experiment. Whenever the activity of cells in the reactor 
needed to be checked, a buffered standard concentration of 
glucose was supplied to GRR and stirred flasks.
The control of the concentration of yeast cells within 
the gel beads was important in these experiments. If the 
cell concentration was too high , the leakage of cells into 
the bulk liquid was significant due to the rupture of the 
gels (see Section 4.3). In contrast, if the cell 
concentration within the gel was too low, a clear active 
layer may not form.
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CHAPTER FOUR THE GROWTH BEHAVIOR OF IMMOBILIZED
YEAST CELLS AND DIFFUSIONAL CHARACTERISTICS 
OF GEL BEADS
4.1 Introduction
The immobilization of living microbial cells in 
hydrogels by entrapment has been reported recently by a 
number of investigators, for example Morikawa (1979,1980), 
Chua (1980), Wada (1980a, 1980b, 1981), Kierstan (1977), 
Constantinides (1981), Cheetham (1973), and Karube (976, 
1980). A common phenomenon of these immobilized cell 
hydrogels is that a dense active layer of cell colonies is 
found on and close to the surface of the gel support. 
Continuous and batch reactor operations of these 
biocatalysts showed that high conversions can be obtained 
with relatively short retention times, and with much higher 
productivity than with a conventional liquid phase 
fermentor. However, fundamental engineering aspects such as 
the cell growth behavior in a gel under different 
environmental conditions, the thickness of the active layer 
at different substrate concentrations, the change of 
diffusional resistance in the gel matrix and the catalytic 
behavior of these pellicular biocatalysts have not been 
completely investigated.
This chapter presents the results of our studies on an 
immobilized Saccharomyces cerevisiae system utilizing agar 
beads as a matrix. Some of the basic engineering parameters
29
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o£ this catalyst system are defined in relation to the 
effectiveness of the catalyst in producing ethanol from 
sugar.
4.2 Character of the Immobilized Yeast Cells
It has been reported by several previous investigators 
(Morikawa, 1979, 1980; Wada, 1980, 1981; Chua, 1980) that 
supported growing microbial cells form a layer on the outer 
shell of the support. The following studies were conducted 
to charaterize the active layer in relation to catalyst 
performance.
The time course of immobilized yeast cell growth at 
different substrate concentrations, 1, 5, and 10% glucose 
(Fig. 4.2), was studied in a 500 ml rotary shaking flask at 
200 rpm and 30°C. The medium was renewed every 8 to 10 hours 
of incubation. Sample beads were withdrawn during the 
incubation period and soaked in 2% glutaraldehyde to kill 
and fix the cells on the gel. The beads were then sliced 
across the center to a 0.6 mm thickness of gel (Fig. 4.1a to 
4.1e).
The dark area distinctly seen in the outermost area of 
the agar beads and the dark spots in the core are yeast 
colonies. The cells which were originally uniformly 
distributed in the gel had not grown uniformly in the whole 
gel matrix even with a continuous supply of substrate and 
nutrients. Instead, they showed preferential growth along 
the periphery of the beads. Intuitively, we can deduce that
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4.1b) Spherical bead incubated in 1% glucose
medium for 44 hrs.
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4.1c) Spherical bead incubated in 5% glucose
medium for 44 hrs.
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substrate exhaustion due to a diffusion limitation resulted 
in this phenomenon. Regardless of the substrate 
concentration employed in this study, the thickness of the 
growth ring was not altered, although the growth rates 
varied appreciably depending on the glucose concentration 
employed.
Table 4.1 shows the thickness of the active layer 
compared with the size and shapes of gel matrices.
Regardless of the sizes and shapes of gels, a constant 
active cell thickness of 0.5 mm was obained. Small diameter 
agar beads should produce higher catalyst activity with 
higher average cell loadings. However, operational 
difficulties could arise with these catalysts due to 
excessive pressure drop or column plugging.
Figure 4.2 shows the cell concentration in the agar 
beads measured during growth of the immobilized yeast cells. 
Overall growth pattern exhibits an asymtote, approaching a 
maximum saturation line after three days of incubation.
About 30 grams of cell (dry weight) per liter of gel were 
obtained by the entrapment technique employed in this 
experiment. Considering the outer shell area only, and 
ignoring the core area, the cell density is estimated at 
about 150 g dry wt/1.
The viability of the cells in the core region was 
tested. After 39 hours of incubation with a 10SS glucose 
medium, a bead was sliced across the center line and the two 
separated pieces were transferred into a new medium for an
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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The Thickness of the Immobilized Yeast 
Cell Layer at Various Incubation Conditions
Incubation 
time (hrs)
Substrate
conc.
(% glucose)
Type of gel 
(mm diameter)
Active layer 
thickness 
(mm)
33.6 1.0 bead, 5.43 0.54
33.6 5.0 bead, 5.50 0.54
33.6 10.0 bead, 6.31 0.50
33.6 10.0 bead, 5.60 0.56
A4.1 1.0 head, 6.92 0.49
44.1 5.0 bead, 6.88 0.44
44.1 10.0 bead, 6.41 0.49
44.1 10.0 bead, 5.54 0.54
51.3 1.0 bead, 6.34 0.49
51.8 1.0 bead, 5.43 0.50
51.8 5.0 bead, 6.16 0.55
51.8 10.0 bead, 5.80 0.57
58.8 1.0 bead, 6.05 0.52
33.6 1.0 block* 0.47
33.6 5.0 block* 0.44
33.6 10.0 block* 0.49
44.1 1.0 block* 0.42
44.1 1.0 block* 0.42
44.1 5.0 block* 0.44
44.1 10.0 block* 0.53
51.8 1.0 block* 0.48
51.8 5.0 block* 0.53
51.8 10.0 block* 0.53
avg. = 0.50
*A11 blocks in the above table measure 3.3 mm x 10.0 mm x 10.0 mm
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additional 34 hours o£ incubation. Figure 4.3 (a) and (b) 
shows the cell growth under these conditions. These pictures 
clearly demonstrate that the cells in the core are alive and 
able to grow when the proper amount of substrate is 
supplied. A separate experiment showed that no cell transfer 
occured from the original bulk solution to the newly formed 
surface. Therefore, the new layer was formed from dormant 
but viable cells in the core.
4.3 Diffusional Characteristics and Gel Structure
Measurements of the diffusion coefficients of glucose 
in the agar beads were carried out on beads of 7 to 9 mm 
diameter, with and without immobilized yeast cells. The 
presence of the yeast cells (which range between 3 and 10 /u 
in diameter) in a gel matrix could cause abnormal substrate 
diffusion due to structural modification of the pores, 
thereby affecting catalyst performance. Careful examination 
of these parameters is necessary in order to understand the 
catalytic behavior of an immobilized cell system.
The immobilized agar beads, prepared as described 
above, were incubated for 70 hours in a rotary shaker with 
3% glucose 'medium, which had been intermitently changed 
during the incubation. Before the diffusion study, the 
viable cells in the beads were killed by soaking the beads 
in 3% formaldehyde aqueous solution for two hours. They were 
then rinsed thoroughly in distilled water for four hours. 
About 100 to 200 beads of equivalent diameter were selected
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Fig. 4.3 The viability test of the cells 
in the core.
4.3a) The cross section of rectangular block sliced 
through the center line after 39 hrs. of 
incubation in 10% glucose medium.
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4.3b) The cross section of the sliced rectangular 
block (Fig. 4.3a) after 34 hrs. of further 
incubation in 10% glucose medium.
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for -the diffusion study.
The beads were placed in an rubbei— plugged Erlenmeyer 
flask. At time zero a volume of 55? glucose diffusant 
solution was quickly poured into the flask, which was then 
shaken on a rotary shaker to minimize the external diffusion 
resistance (Appendix A-1). For sampling, the shaker was 
stopped intermittently to withdraw a few drops of liquid.
The sampling time was kept to less than 30 seconds. The 
temperature of the whole system was maintained at 
30.0±0.5° C. The residual glucose in the samples was 
determined by HPLC.
Partition coefficients of glucose at 30°C in the agar 
beads, were measured according to the method of Bunting and 
Laidler (1972) as 0.943 without the immobilized cells and 
0.913 with the cells entrapped. These values were relatively 
higher than a previously reported value of 0.86 for 45? (w/v) 
carrageenan (Wada, 1981). As noted, a slight decrease (35?) 
in the partition coefficient occurred as a result of the 
entrapment of cells in the gel network. The volume fration 
of the space occupied by the immobilized cells reached as 
high as 15% of the total gel volume.
Diffusion coefficients were determined by comparing the 
rate of glucose taken up by the solid phase with values 
calculated by the method of Crank(1967). The solution of the 
diffusion equation is given by
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Mt 00 6  a  (a  + 1 )
  = 1 - 2 ------------------  EXPC-D q„ t/a2 ) (4.1)
Moo n=1 9 + 9a + q n2a 2
where qn's are the non-zero roots of
tan q„ = 3 qn /(3 + a qnz ) (4.2)
and oc = 3 V/(47rna3K) is the ratio of the volume of liquid 
V to that of gel beads divided by partition coefficient K; 
n is the total number of gel beads; Mt and M» are the total 
amount of solute absorbed by the gel beads at time t and 
after infinite time, respectively; a is the average diameter 
of beads in cm; t is diffusion time in sec, and D is the 
diffusion coefficient in cm2 /sec. The root of eq.(4.2) and 
the curves showing M*/Moo against (D t/a2 ) for five 
values of final fractional uptake 1/(1+a) are given by Crank 
(1967). Curves for further uptake values were calculated by 
a digital computer. By comparing the observed rate of fall 
of concentration in the solution with the calculated curves 
showing Mt/Moo as a function of (D t/a2 ), the diffusion 
coefficient D was deduced.
Table 4.2 and 4.3 list the computational results of the 
diffusion study. Without the entrapped yeast cells, a 
diffusion coefficient of 3.45 x 10-6 cm2/sec was obtained. 
This figure is in close agreement with the previously 
reported diffusion coefficient of glucose in other 
hydrogels (Friedman, 1930). Interestingly, the measured 
diffusion coefficient of glucose in the immobilized agar 
beads (6.27 x10"6 cm2/sec) almost doubled the previously
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Table 4.2 The Diffusion Coefficients of Glucose in 
Pure Agar Beads.
S 30°C ± 0.5 (*)
Bead Diameter Diffusion Time Diffusion Coefficients 
 (mm)_________   (min)_  D (cm2/s ec)________
8.74 40 3.01 x 10-6
8.74 60 4.07 x 10’6
8.17 20 3.52 x 10’6
7.43 42 3.19 x 10'*
Avg. = 3.45 x 10"6
# : With diffusant of 5% glucose aqueous solution.
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Table 4.3 The Diffusion Coefficients in 3% Agar Gel 
with Immobilized Yeast Cells. (*)
3 30°C ± 0.5
Bead Diameter Diffusion Time Diffusion Coefficients 
 (mm)_________  (min)_  D(cmVsec)________
7.88 25 6.78 x 10'6
7.88 30 6.01 x 10'6
7.88 31 5.99 x 10"6
8.58 32 6.04 x 10-6
8.58 35 6.53 x 10'6
Avg. = 3.45 x 10-6
* : Average cell concentration in gels = 17.5 g dry wt./l, 
The immobilized cells were incubated in the complete 
medium with 3% glucose for 70 hours.
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measured value, showing a value close to the diffusion 
coefficient of glucose in water, which has been reported to 
be 6.9 x 10-6 cmz/sec (Perry, 1973). The enhanced diffusion 
rate of glucose w i ’h immobilized agar beads could be 
attributed to structure modification arising from the added 
cell particles and their subsequent growth during 
incubation, which enlarged the pores of the gel structure. 
The pore size of agar beads is known to be in the range 
between 0.5 and 1m,u, while the size of a yeast cell is 
estimated to be 3 to 10 fi. By comparison, we can visulize 
the effect as one of large bodies (microorganism) introduced 
into the gel network, rupturing small pores and/or creating 
extra pores throughout the network. Another contributing 
factor to pore enlargement may be the forced flow of C02 as 
it vaporizes.
4.4 Conclusions
Agar gel can be a satisfactory immobilization support 
for the production of industrial ethanol if adequate gel 
strength and low cell leakage rate can be maintained. The 
constant thickness of active layer at different substrate 
concentrations suggests that a distributed mathematical 
model such as the pellicular model (Horvath, 1973) may be 
employed to study the transport phenomena of substrate and 
product in the gel support, the reaction kinetics of solid 
phase fermentation, as well as the design of a fermentor.
The viability test results imply that at least a
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fraction of cells behind the active layer are still viable, 
and that a new active layer may form if a part of the old 
outer layer is abraded.
The diffusion study showed that the diffusion rate of 
glucose in gel (containing cells) is almost the same as that 
in free water. This permits us to estimate the diffusion 
coefficient of substrate in the active layer, in which 30 to 
70 percent of the space is occupied by yeast cells, since 
the diffusion coefficient of substrate in yeast cells alone 
may be estimated from the results in the literature 
(Johnson, 1967).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER FIVE STRENGTHENING OF IMMOBILIZED
BIOCATALYSTS AND THEIR OPERATIONAL STABILITY
5.1 Introduction
The immobilization o£ microbial cells and enzymes on 
hydrogels has been reported by a number of investigators. 
However, only a few supports have been reported as 
successful for ethanol production, such as K-carrageenan 
(Chibata, 1978, Wada, 198C, and Wada, 1981) and calcium 
alginate (Kierstan, 1977, Linko, 1981, and Shiotani, 1981). 
The reason for this limitation is that the growth of cells 
and C02 production in the gel matrix weaken and rupture the 
gels (Polack, 1981, and Krouwel, 1980). Although 
K-carrageenan and calcium alginate have reasonably high gel 
strengths which may resist this rupture, some other problems 
with these two supports are still left unsolved. The 
problem associated with K-carrageenan is its high cost of 
separation from X-carrageenan. The presence of 
X-carrageenan not only reduces the gel strength of the 
supports but also makes the carrageenan sol very viscous.
For this reason crude carrageenan may not be used for 
industrial .applications. The problem associated with calcium 
alginate is that it is unstable in the presence of phosphate 
buffer and certain cations such as Mg+2 or K+ (Cheetham, 
1979, and Veliky, 1981). The whole gel was ruptured 
completely in 0.1M K2HP0* /KH2P0A solution in 15 min., nor 
was it stable even after the treatment with
48
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polycation-stabilizer (Veliky, 1981). Unfortunately, 
phosphate salt is one of the major nutrients of living 
microbial cells.
The advantage of agar is the fast growth of viable 
cells in the gel matrix, but its problem is the brittle 
property of the gel. The gel strength of agar is reduced 
rapidly by cell growth and C0Z production during the initial 
stage of incubation. After that the whole gel becomes very 
soft and brittle, therefore without treatment it is not 
highly suited to industrial application.
Polyacrylamide has been used as the support for the 
immobilization of microbial cells and enzymes by a number of 
investigators in the past few years. Its first drawback is 
that it is very difficult to form uniform spherical beads, 
which is a preferred shape for continuous production. The 
second is that the cell activity is relatively low for 
ethanol production (Shiotani, 1981). The treatment described 
here can modify agar or carrageenan to form a rigid support 
while retaining the cell catalytic activity. Or looking at 
it another way, it permits easy formation of uniform size, 
spherical beads of polyacrylamide.
5.2 Immobilization and Hardening Procedures
The following procedures are mainly for ethanol 
production; but for other purpose, such as immobilized 
enzymes or dead cells, procedures may be easily derived from 
the following description.
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(1) Immobilization of cells on agar or carrageenan gels to 
form the desired size and shape of the support.
(a) Agar :
2 to 4SS (w/v) agar powder was dissolved in tap water by 
heating to boiling, and kept at 40 to 48°C. Cell inoculum 
(at 40 to 48°C) was then mixed with agar sol and dropped in 
a water immiscible solvent, such as corn oil or paraffin 
oil to form uniform spherical beads.
(b) Carrageenan :
1 to 2% (w/v) of natural carrageenan powder (If 
kappa-carrageenan was used the concentration could be as 
high as 4JS) was dissolved in tap water by heating up to 37 
to 50°C and mixed with cell inoculum at the same 
temperature. The mixture was subsequently dropped into 1 to 
2% (w/v) KC1 solution to harden the beads. If perfectly 
round beads are required, the mixture may also be dropped 
into a two -phase liquid column with paraffin oil on the top 
and KC1 solution on the bottom.
(2) Activation of immobilized cells to form the active 
layer and to decrease diffusional resistance of the first 
polymer.
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The immobilized cells obtained from stage (1) were 
incubated in the substrate medium for 12 to 50 hrs. to form 
an active condensed layer of cell colonies according to the 
method previously described (Polack, 1981). At the same time 
the diffusional resistance of the first polymer (agar or 
carrageenan) was decreased by the growth of cells and the 
production of C02 (Polack, 1981). This will reduce the 
diffusion time of the polymerizing components used in stage 
(3) and (4).
(3) Diffusion of polymerizing monomer, cross-linking agent 
and accelerator into the first gel.
Before this stage the diffusion coefficients of monomer 
acrylamide (ACAM), the cross-linking agent 
N,N'-methylene-bis-acrylamide (BIS), and the accelerator 
jB“dimethylaminopropionitrile (DMAPN) or
N,N,N',N’-tetramethylenediamine (TEMED) in the gels from 
stage (2) was first estimated. The absorption of these 
polymerization reagents by the agar (carrageenan) vs. 
diffusion time can be deduced from the diffusion coefficient 
of each1 polymerization component by the method of Crank 
(1967).
The beads were then placed in the solution of ACAM (4 
to 15%), BIS (0.2 to 0.8%), and DMAPN (0.5%) (or TEMED 
(0.5%)) in a nitrogen sparged container (to expel the 
polymerization inhibitor, oxygen) for a predetermined time, 
t, to reach 90% absorption of the slowest diffusing
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component. For the case of 4 mm 3% agar beads, t may be set 
around 25 min. The longer the diffusion time, the more 
immobilized cells will be killed, since both ACAM and BIS 
are toxic to the cells. To obtain the highest gel strength, 
the amount of BIS should be kept at 5% (w/w) of the total 
monomer (Mosbach, 1975).
(4) Gel phase polymerization (GPP) :
The next stage was to diffuse the polymerization 
initiator potassium persulfate K2S20e (or ammonium 
persulfate (NH<>)2S208 ) into the beads to initiate the 
polymerization reaction inside the agar or carrageenan gel. 
The procedure was as follows :
The beads were quickly removed from stage (3) and 
dropped into 0.5% K2S208 solution (sparged with 
nitrogen for 15 min. to expel oxygen). They were kept 
undisturbed for 0.5 to 3 min. to prevent the polymerization 
components from diffusing out of the beads before the 
polymerization reaction begins. The container was covered to 
avoid the diffusion of oxygen into the liquid. Then the 
beads and K2S208 solution were gently stirred for a given 
time to keep over 90% absorption of K2S208 by the beads. For 
the case of 4mm 3% agar beads, 30 min. was enough. The 
polymerization boundary inside the beads moved slowly from 
the outer layer toward the inner core of the beads. In this 
manner, the heat of polymerization could be dissipated 
rapidly out of the beads so that thermal deactivation might 
be minimized.
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After stage (4) the beads were taken out and washed 
with tap water to elimiante the unpolymerized components. 
With this treatment the second polymer (polyacrylamide) was 
physically linked with the first polymer (agar or 
carrageenan) in the beads. Therefore much higher gel 
strength was obtained. The size and shape of the beads 
remain unchanged after this gel phase polymerization.
5.3 Results and Discussion
5.3.1 Polymerization conditions
The rate of polymerization of acrylamide under various 
conditions was determined to find the optimum conditions for 
gel phase polymerization. The polymerization reaction must 
be fast enough to prevent ACAM, BIS, and DMAPN (or TEMED), 
from diffusing out of the beads in stage (4).
The rates of polymerization of acrylamide under various 
conditions were compared by measuring the temperature rise 
at the center of the polymerizing mixture. The solution 
containing ACAM, BIS, and DMAPN (or TEMED) (solution A) was 
sparged by'pressurized nitrogen for 15 to 30 min. in an 
Erlenmeyer flask with a thermometer at the center of the 
bulk liquid. At the same time the solution of K2Sz08 (or 
(NH4)2S20 8) was also sparged by nitrogen for 15 to 30 min. 
(solution B).
The polymerization reaction was initiated by pouring
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solution B into solution A with continued nitrogen sparging. 
The temperature rise of solution A was recorded vs. time.
The viscosity of the solution increased with time as polymer 
formed; after a short while, the polymerization stopped 
nitrogen flow. This time was called the "initial setting 
time" of the polymer as shown in Table 5.1. Table 5.1 shows 
that both DMAPN and TEMED have short initial setting times 
(about 10 sec.) and produce clear gels if the initial 
temperature of the solution was set at 23°C. At low initial 
temperature (1°C), however, both have slower polymerization 
rates and produce turbid gels.
The temperature-time profile under various conditions 
were plotted in Fig. 5.1, in which the slope of the curve 
represents the rate of polymerization. Fig. 5.1 indicates 
that the rate of polymerization is slower at low temperature 
(1°C) and lower concentrations of DMAPN and K2S208 (or 
(NH4)zS20e ). Therefore, to obtain a fast polymerization 
reaction, the final concentration of DMAPN or TEMED should 
be kept at 0.5% (w/v) or higher. In addition room 
temperature was preferable to low temperature.
5.3.2 Mechanical Strength of Various Gels
The mechanical strength of various gels was measured 
and compared before and after the GPP treatment to test the 
effect of this treatment. For the convenience of measuring 
the mechanical strength, all the gels were cast into a 5.85 
cm diameter disk, 2 mm thick. For the case of carrageenan
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Table 5. 1 The Initial Setting Time of Polyacrylamide Under Various 
Polymerization Conditions.
Polymerization Conditions Initial
Setting
Time
(Sec.)
Type
of
Gel
Final 
DMAPN %
Final 
TEMED %
Final Final
k 2s2o 8 % (n h 4)2s2o 8
Initial 
Temp (°C)
0.5 0.5 23 10 clear
0.5 0.42b 1 40 turbid
0.5 0.42 1 40 turbid
0.5 0.42 23 10 clear
3 ) The final concentrations of the other components are: 7.5 % ACAM,
and 0.4 % BIS.
0.42 % (NH4)2S208 is equivalent to 0.5 K-SjOg on a molar basis. At 
low temperature fL s „0_ was replaced by (NH,)„S„0„ because of its 
limited solubility.
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the specimens were treated with 1% KC1 solution prior to the 
gel phase polymerization (GPP) treatment. The procedure for 
GPP treatment of all gels was the same as before except that 
stage (2) was skipped since microbial cells were not 
included in this experiment. In addition, the time for 
diffusion on stage (3) and for GPP in stage (4) was set at 2 
hrs. for each. Gel strength was determined as the force 
required to rupture the specimen by cutting through the gel, 
using an Instron Universal Testing Instrument Model 1122. 
Therefore, the measured breaking strength is the shear 
strength. The results are summerized in Table 5.2. The table 
shows that the gel strength of 3.5% agar gel after 
polymerizing with 15% ACAM and 0.8% BIS is 2.8 times that 
without treatment. At first sight this value is not very 
high, but we should point out that no cells were contained 
in these specimens. For the real situation the agar gel was 
weakened rapidly by the growth of cells and C02 production 
as described in the previous investigation (Polack, 1981). 
This kind of "real” specimen is too weak to use in the gel 
strength test.
The effect of oxygen on GPP was also tested in this 
experiment.’ The gel strength of 3.5% agar treated by GPP 
however without eliminating the oxygen in the liquid by 
nitrogen sparging is only 0.357 kg/cm2, much lower than the 
0.592 kg/cm2, otherwise obtained. Therefore, nitrogen 
sparging is required in stage (3) and (4).
If ACAM, BIS, and DMAPN are directly included in the
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Table 5.2 The Shear Breaking Strength of Various Gels*
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Type of Polymerization Conditions Gel Strength Remarks
Gel_________ % ACAM_________ % BIS__________ kg/cm2_______________
0.0 0.0 • 0.212
7.5 0.4 0.517
3.5 % 
Agar
15.0
7.5
0.8
0.4
0.592
0.260 No N£ sparge
15.0 0.8 0.357 No N2 sparge
15.0 0.8 0.580 Direct inclu­
sion of ACAM 
BIS and DMAPN
1.5 %
Carrageenan 0.0 0.0 0.095
7.5 0.4 0.216
15.0 0.8 0.268
Polyacryl­
amide 7.5 0.4 0.142
15.0 0.8 0.160
*Size of specimens: disk with 5.85 cm diameter and 2 mm thickness
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agar sol mixture in stage (1) instead of being introduced by 
diffusion, i.e. if stage 3 is skipped and the procedure of 
stage (4) followed directly, then the gel strength is 0.58 
kg/cm2 which is almost the same as that obtained by 
following stage (3) and (4) treatment CO.592 kg/cm2).
For the case of 1.55? carrageenan the gel strength of 
the specimen treated with 1555 ACAM and 0.8% BIS was also 
about 2.8 times that without treatment, the same result as 
with 3.5% agar gel.
One interesting phenomenon seen in Table 5.2 was that 
if we add the gel strength of 3.5% agar without treatment 
(0.212 kg/cm2) to the gel strength of polyacrylamide 
containing 15% ACAM and 0.8% BIS (0.16 kg/cm2), the sum 
(0.372 kg/cm2) is much lower than the gel strength of 3.5% 
agar treated by the same composition of ACAM and BIS. This 
implies that either a physical or chemical linkage between 
agar gel and polyacrylamide gel has occurred during GPP 
treatment, and thus forming a "new gel".
5.3.3 Activation of Immobilized Cells after GPP Treatment
The effectiveness of this strengthing method depends 
not solely *upon the increase of gel strength after GPP 
treatment; in fact, the more important factor is the 
catalytic activity of the immobilized cells after the 
treatment. To test the activity of immobilized cells after 
treatment, 41 ml of treated 3.55? agar beads with average 
diameter 3.98 mm and 40 ml of treated 1.5% carrageenan beads
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with average diameter 3.86 mm were placed in a magnetically 
stirred reactors filled with a 3% glucose complete medium. 
Ethanol produced was measured vs. incubation time. The 
treatment was carried out with 7.5% ACAM, 0.4% BIS, 0.5% 
DMAPN, and 0.5% K2S208. The gels were so rigid that no 
breaking occured despite agitation by a magnetic stirrer 
for a long period of time. The reaction rates, expressed as 
the grams of glucose converted per hour per liter of gel, 
are plotted in Fig. 5.2. The results show that the cells in 
the gels were activated rapidly after GPP treatment. For the 
case of the 3.5% agar gel the saturated activity was reached 
after about 90 hours of incubation; for the case of 1.5% 
carrageenan the time was as short as 35 hours.
5.3.4 Operational Stability
To test for long-term variation of cell activity, the 
immobilized yeast cells in 3.5% agar gel were packed in a 
hot water jacked column after they were treated with 7.5% 
ACAM, 0.4% BIS, 0.5% DMAPN and 0.5% K2S208 following the 
previous described procedure. A complete medium containing 
10% glucose was fed into the bottom of the column with a 
Buchler model 2-6150 peristaltic pump, and the effluent was 
collected from the top of the column and assayed to 
determine the concentrations of glucose, ethanol, and cell 
mass. The column characteristics before and after two months 
of operation are listed and compared in Table 5.3. The total 
volume of gel beads increased from 49.1 ml to 52.1 ml, an
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Table 5.3 Packed Column Characteristics
62
Before continuous 
 Operation
After 2 Months 
of Operation
1. Bead diameter (mm)
2. Total bead vol. (Ml)
3. Composition of hardening 
treatment liquid
ACAM % (w/v)
BIS % (w/v)
DMAPN % (v/v)
K2S2Og % (w/v)
3. Bed depth (cm)
4. Total reactor vol. (ml)
5. Column diameter (mm)
6. Liquid vol. (ml)
7. Feed flow rate (ml/min)
8. Retention time (min.)
A.23 
49.1
9. Temperature (°C)
10. pH
7.5
0.4
0.5
0.5
15.6
92.6
26.8
43.5
1.0 ± 0.06
43.5 
(based on the 
liquid vol. In 
the reactor)
30.0
5.0
4.31
52.1 
(after being 
washed by tap 
water)
15.6
92.6
26.8
14.2 to 40.5 
(during the
operation)
1.0 ± 0.06
14.2 to 40.5 
(based on the 
liquid vol.
in the reactor 
during the 
operation)
30.0
5.0
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expansion o£ only 6%. This low expansion of -the gel beads is 
probably due to the rigid core of the beads. In contrast, 
the liquid volume in the column varied greatly from 40.5 ml 
to 14.2 ml, due to the growth of cells and C02 accumulation 
in the void spaces. When excessive cells and C0Z occupied 
the void volume, channeling of liquid flow occurred. The 
feed flowrate was maintained at 1.0 ml/min., therefore the 
retention time (based on the liquid volume in the reactor) 
varied from 40.5 to 14.2 min. during the operation.
Figure 5.3 shows the concentrations of glucose, ethanol 
and cell mass during the operations. When channeling 
occurred, the concentration of ethanol and the productivity 
decreased. To investigate the cell activity change during 
the operation, cells in the void space were first washed 
away. This was accomplished by unloading the beads from the 
column and rinsing them with a jet of tap water. The beads 
were then repacked into the column. This regeneration step 
is illustrated by the arrows in Fig. 5.3. The maximum 
ethanol concentration in the effluent was maintained 
constant at about 42.5 g/1 for over two months. The cell 
mass concentration in the effluent ranged from 0.296 to 
0.806 g.dry wt./l.
Figure 5.4 shows the variation of productivities of the 
packed column, based on reactor volume and total volume, 
during the operation. The reactor volume of a packed column 
was expressed as the total employed volume of the column 
minus the volume occupied by the support (Ghose and
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Bandyopadhyay, 1980). The maximum productivities were 64 
g/l-hr (based on the reactor volume) and 29 g/l-hr (based on 
the total volume of packed column).
According to these data, channeling occurred about one 
week after each regeneration. This phenomenon was also 
observed by Sitton and Caddy (1980) in their immobilized 
cell reactor. To minimize the channeling effect and still 
keep high viability in the cells, a "minimum” amount of 
nutrient would be preferable in industrial production, in 
contrast to the complete medium used here. In addition an 
appropriate device or method is required for washing out 
excess cells which cause channeling.
The weight ratio of ACAM to BIS used in this treatment 
is 18.75:1 which generates the smallest pore size, and 
therefore strongest gel strength in polyacrylamide 
(Mosbach, 1976). The diffusion resistance of rigid gels 
should be higher than that of soft gels. The reason for the 
high productivity of the GPP treated agar gels may be 
explained by the formation of an active layer just inside 
and around the outer surface of the gel beads. The 
diffusion resistance of the substrate and product in the 
active layer is reduced by the growth of cells and C02 
generation, as discussed by Polack £t ai. (1981).
Figure 5.5 shows the photographs of a packed column and 
gel beads before and after continuous operation. The growth 
of cells occupying the void volume can be observed by 
comparing Fig. 5.5(a) and 5.5(b). Figure 5.5(c) shows the
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Figure
5a)
5.5 The Photographs of Packed Column and Gel Beads at the
Beginning and After Two Months of Continuous Operation.
The photograph of packed column at the beginning of operation
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5b) The photograph of packed column after two months of operation.
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r
5 c) The photograph of gel beads after two months of operation.
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gel beads after two months of operation and washing by tap 
water. This photograph shows that each bead remained 
spherical without breakage, shrinkage, or expansion.
5.3.5 The Comparison of the Efficiency of Various Ethanol 
Fermentation Methods 
The efficiency of fermentation methods can be evaluated 
by comparing the maximum productivities of the fermentors 
under specific operating conditions. Table 5.4 and 5.5 list 
six different fermentation methods for comparison. The 
first, proposed by Cysewski and Wilke (1976), is a 
continuous fermentation in a stirred tank reactor using a 
yeast culture adapted to oxygen tension gs the inoculum.
The second, also reported by Cysewski and Wilke (1977), is a 
continuous vacuum fermentation with cell recycle. The third, 
developed by Ghose and Bandyopadhyay (1980), used Carrier A 
(not otherwise identified in the original literature) as the 
support for the immobilization of S. cerevisiae. Molasses 
containing 10.555 reducing sugar was used as the feed. The 
fourth, described by Sitton and Gaddy (1980), used 
gelatin-coated Raschig rings plus glutaraldehyde treatment 
as the support for attaching S. cerevisiae. Complete media 
containing 355 and 6% glucose were used as the feed. The 
fifth, reported by Wada, Kato and Chibata (1980), used 
k-carrageenan as the support for entrapping S. cerevisiae. A 
complete medium containing 1055 glucose was used as the feed. 
The last method is the GPP treated immobilized cells used in
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■this work. PD1 and PD2 denote the productivities based on 
the reactor volume and the total volume of the packed 
column, respectively.
The comparison of the productivities given in Tables
5.4 and 5.5 suggests that the immobilization method used in 
this work is very efficient. For example, in Table 5.4, the 
PD1 of this work is 9.3 times that of Method 1, and 2.1 
times that of method 2. In Table 5.4, the PD2 of this work 
is 3.3 times that of Method 4. In Table 5.5, the PD1 of this 
work is 7 times that of Method 3, and 2.8 times that of 
Method 4. Tables 5.4 and 5.5 also show that the dilution 
rates of this work are much higher than all the other 
methods except Method 5.
5.4 Conclusions
A novel method for incorporating polyacrylamide into 
agar or carrageenan gels, to increase their mechanical 
strength for use as supports for immobilized microbial cells 
or enzymes, has been successfully developed in this work.
The gel strength and its pore size can be arbitrarily 
regulated by varying the composition and total amount of 
ACAM and BIS mixture. The polymerization reaction takes 
place within the gel, with the polymerization boundary 
moving inward to the center of the gel. The heat of reaction 
can be easily dissipated in a stirred vessel, minimizing 
thermal injury to cells and enzymes.
These strengthened gels are especially useful for the
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Table 5.4 Comparison of the Dilution Rates and Productivities
of Various Ethanol Fermentation Methods at 95JS Conversion.
Method Investigator System
Feed,
<g/i>,
glucose or 
reducing 
sugar
Dilution Rate, 
1/hr, based on
Productivity, 
g/l-hr, based on:
Reactor
Vol.
Total
Vol.
Reactor 
Vol. 
(PD1 )
Total
Vol.
(PD2)
1
!
Cysewski £ 
Wilke
Free
cells
89.0 0. 18 --- 6.7 ---
2 Cysewski £ 
Wilke
Free cells 
£ vacuum
100.0 0.72 --- 29.0 ---
3 Ghose £ 
Bandyopadhyay
Immobilized
cells
105.0 --- ---
4 Sitton S 
Gaddy
Immobilized 
cells
30.0 0.40 0. 19 5.78 2.81
« « «« 60.0 0.36 0. 18 10.23 5.02
• i % % % % 100.0 18. 1 1 8,97
5 Wada, Kato, 
S Chibata
Immobilized 
cells
100.0 --- 0.65 32.5
6 This Work « i 100.0 1 .38 0.65 62.59 29.40
* : Estimated productivities.
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Table 5.5 Comparison of the Dilution Rates and Productivities
of Various Ethanol Fermentation Methods at 80% Conversion.
Method Investigator System
Feed,
(g/i).
glucose or 
reducing 
sugar
Dilution Rate, 
1/hr, based on
Productivity, 
g/l-hr, based on:
Reactor
Vol.
Total
Vol.
Reactor 
Vol. 
(PD1 )
Total
Vol.
(PD2)
1 Cysewski S 
Wilke
Free
cells
89.0 0.28 8.20 ---
2 Cysewski £ 
Wilke
Free cells 
£ vacuum
100.0 0.77 27.0 ---
3 Ghose & 
Bandyopadhyay
Immobilized
cells
105.0 0.35 13.4
4 Sitton £ 
Gaddy
Immobilized
cells
30.0 0.59 0.29 7.27 3.54
• i «i * i 60.0 0.67 0.32 15.49 7.54
« • «1 «t 100.0 --- 33.0 16.06
5 Wada, Kato, 
£ Chibata
Immobilized
cells
--- ---
6 This Work «i 100.0 2.07 0.97 93.89 44. 10
* : Estimated productivities. *uJ
immobilization of growing microbial cells, since the gels 
are rigid in the center core yet porous in the outer active 
layer. The diffusional resistance in the active layer is low 
due to the growth of cells and, in the case of ethanol 
fermentation, C02 production. The treated gels can be used 
with different kinds of media without the problem of gel 
dissolution that is encountered with calcium alginate or 
carrageenan gels. The rapid activation of cells, and the 
stable, and high maximum productivity of the treated gels 
show that the cells in the outer layer are growing and being 
renewed during the operation.
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CHAPTER SIX KINETIC PARAMETER ESTIMATION FOR 
REACTION SYSTEMS OF IMMOBILIZED CELLS 
AND ENZYMES
o. 1 Introduction
Industrial biochemical processing is on the rise, due 
in part to recent advances in the immobilization of enzymes 
and microbial cells. Advantages of these biocatalysts over 
traditional fermentation processes have been discussed in 
detail by Wingard et al.. (1980), Chibata (1978), and 
Venkatsubramanian (1979). In these heterogeneous reaction 
systems, the substrate has to diffuse from the bulk liquid 
through a stationary liquid film to the surface of the 
support, and, if the support is porous, into the pores. The 
transport processes of the fermented product are in the 
reverse direction. The reaction rate is affected by both the 
external and internal resistances.
For optimum design of immobilized biocatalyst reactors, 
a suitable kinetic model must be developed and the intrinsic 
kinetic parameters of the biocatalysts must be determined. A 
common approach is to minimize the diffusional resistances 
experimentally so that the reaction system may be treated as 
homogeneous. Transfer resistance between the fluid and the 
solid may be minimized by sufficient turbulence of the bulk 
liquid. Transfer resistance inside the supports may be
75
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7 6
decreased, for a given biocatalyst, by reducing the size of 
the support until no appreciable diffusional limitation is 
observed. The former alternative is relatively simple; but 
there are many cases in which it is difficult or impossible 
to make the support sufficiently small by the latter 
approach. Therefore, alternative calculational techniques 
have been developed by a number of investigators (Engasser, 
1976, Yeung, 1977, and Lee, 1981).
Engasser and Horvath (1976) reviewed a number of 
calculational methods for the determination of intrinsic 
parameters in Michaelis-Menten type kinetic equations. 
Unfortunately, these methods presented difficulties when 
applied to experimental data. In addition, solutions to 
kinetic equations more complicated than Michaelis-Menten, 
were not covered. Independently, Yeung (1977) used a 
one-point collocation method combined with a conjugated 
search algorithm to find the kinetic parameters of 
immobilized enzyme systems that obeyed the Michaelis-Menten 
equation. However, at higher levels of Thiele modulus, the 
accuracy of the one-point collocation is limited. Besides, 
a semi-analytical solution of effectiveness factor as 
obtained by Yeung may not be possible if the kinetic model 
is more complicated than the Michaelis-Menten equation.
Recently Lee et al. (1981) using the Aris-Bischoff 
general modulus method, successfully solved Michaelis-Menten 
type kinetics. However, their method does not apply to the 
case with an external diffuson limitation, nor to kinetics
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more complicated than Michaelis-Menten.
In this work we present a generally applicable method 
for estimation of intrinsic kinetic parameters of 
immobilized biocatalysts. It can be applied to 
Michaelis-Menten or more complicated reaction schemes, as 
well as to systems where external and internal diffusion 
resistances exist simultaneously. Orthogonal collocation is 
used to solve a nonlinear differential equation for the 
effectiveness factor. The effectiveness factor can then be 
conveniently expressed by a quadrature formula, which is 
only a function of the dimensionless concentration of 
substrate at the collocation points. This quadrature formula 
is subsequently incorporated into the objective function of 
Powell's nonlinear least square minimization algorithm by 
successive iteration, to find the best fit of kinetic 
parameters to the experimental data.
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6.2 Theory
6.2.1 Solution of Mass Balance Equation by Orthogonal 
Collocation
The mass balance of substrate within the differential 
element of a spherical support may be expressed by the 
following equation :
(1/r2)(d/dr)[ rz D(dS/dr) ] = r«(S,r) (6.1)
where
r*(S,r) : rate of reaction of substrate per unit 
volume of support.
The boundary conditions for the solution of equation 
(6.1) are as follows :
at r = 0, dS/dr = 0  (6.2)
m
at r = R, S = So - H tS0 (6.3)
where Hi is the partition coefficient of substrate between 
the support and the bulk fluid, which can be measured by the 
method of Bunting and Laidler (1972). Equation(6.3) assumes 
that the external mass transfer resistance is negligible.
For the case of significant external mass transfer 
resistance, the solution procedure is similar. If this
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effect is not negligible, the only modification is to change 
the boundary condition at the surface of the support, such 
that :
at r = R, D (dS/dr) = kd ( S0 - S/H:) (6.3’)
where kd is the external mass transfer coefficient.
By introducing the following dimensionless variables :
K
Y = S/So = S/(Hi S0> (6.4)
x = r/R (6.5)
and u = xz (6.6)
eg.(6.1) and (6.3) become
4 u (dzY/duz) + 6 (dY/du) = RZ/(DHiS0) r„(Y,u) (6.7)
and
at u = 1, Y = 1 (6.8)
When the external diffusion resistance accounts for a 
significant influence on the catalytic reaction, eq.(6.3’) 
becomes
at u = 1 ,  Y = 1 - 4 >/u (Hj/Sh) (dY/du) (6.8')
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where Sh is Sherwood number = 2 R kd /D.
Because of the change of the independent coordinate 
from x to u by eq.(6.6), the boundary condition dY/dx=0 at 
x=0 is automatically satisfied in eq.<6.7) since Y is only 
a function of u=xz (Villadsen, 1978).
The orthogonal collocation method is particularly 
suitable for solving the two points boundary value nonlinear 
differential equation with symmetrical concentration profile 
within the heterogeneous catalysts. The method consists of 
expanding the dimensionless concentration in terms of a 
trial function of n-th order orthogonal polynomial which 
contains n unknown coefficients. The coefficients can be 
easily solved by substituting the trial function and its 
derivatives in the differential equation to form a residual 
which is set equal to zero at n collocation points. The n 
zeros of this orthogonal polynomial are chosen as the n 
collocation points.
Since the-concentration profile in the spherical 
support is symmetrical, the Jacobi polynomial is the best 
choice as the trial function (Villadsen, 1978). There are 
different forms of Jacobi polynomial which can be used as 
the trial function; however, the one which can be readily 
used for computer computations was utilized in this work. We 
may express this form of the n-th degree Jacobi polynomial 
pn(u) by the following power series :
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P„CU) =
n
2 ( -1) 
i=0
n-i
B-i u ( 6 . 9 )
where a0 — 1 (6.10)
n - i + 1  n + i + 1 . 5
and a t = ------------------------------- ai-i (6.11)
i i + 0. 5
x 1| 2 i...i n
The following trial function can be used to approximate 
y(u) in terms of the Jacobi polynomial as :
n+1 Pn+1(u)
Y(u) = 2  m - Y i (6.12)
i=1 (u - Ui) Pn+i(Ui)
n+1
2  F ( u )  Yi ( 6 . 1 3 )
i= 1
where Y 4 is the diraensionless concentration at collocation
point Ui . Pn(u) = pn(u)/'an is the normalized Jacobi
polynomial with the leading coefficient of one, and Pn+1(u)
CO
= (u - 1)Pn(u) including the boundary u = 1. Pn+i<Ui) is the 
first derivative of Pn+i(Ui) evaluated at the collocation 
point Ui.
Then dY/du and d2Y/duz can be expressed by the 
following equations :
dY n+1 (1) n+1
[---- ] = 2 F(Ui ) Yj = 2 Aij Yj (6.14)
du ' u=Ui j=1 j=1
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and
dzY n+1 (2) n+1
[----- ] = 2 F(u j) Yj = 2 Bi j Yj (6.15)
du2 u=uj j=1 j=1
where A jj and Bij are coefficient matrices which can be 
obtained from the Jacobi polynomial and its derivatives 
(Villadsen, 1978, 1967). Ajj and Bjj are independent of 
the type of differential equation concerned; once P (u) is 
chosen. Aij and Bij are fixed constants.
Values of A Sj and Bjj for the three-point collocation of a 
sphere are listed in Table 6.1. By means of eq.(6.14) and 
(6.15), eq.(6.7) can be expressed by the following 
simultaneous n algebraic equations :
n+1 n+1 2
4uj  2  Bj j Y j  + 6 2  A i j  Y , = R /(DHiS 0) r « ( Y i , u i ) ( 6 . 1 6 )
j=1 j=1
i = 1 , n
The boundary condition eq.(6.8) becomes
Yn+ j = 1 (6.17)
or, if the external mass transfer resistance is not 
negligible, eg.(6.8') becomes
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Table 6.1 The Collocation Constants and Quadrature 
Weights for the Three-Point Collocation of a Sphere.
— 5.68810 
- 0 . 9 8 8 5 4 9  
0 .3 4 7 7 0 6  
- 0 . 5 3 6 3 6 4
9 .4 7 6 1 5  
- 1 . 6 3 5 4 8  
- 2 . 0 7 8 6 8  
2 .6 6 2 7 8
- 6 . 2 6 1 8 0  
3 .9 0 5 1 7  
- 0 . 9 2 6 4 2 4  
- 1 0 . 3 7 6 4
2 .4 7 3 7 5  
- 1 . 2 8 1 1 4  
2 .6574 0  
8 .2500 0
[ Bld ] =
19 .4827  
9 .2 8 4 7 2  
- 1 . 6 7 0 3 7  
- 7 . 6 1 4 3 5
- 4 9 . 7 9 6 0  
- 1 8 . 2 2 1 8  
15 .6964  
3 4 .0 9 9 6
5 2 .7 5 6 2
9 .4 7 9 1 0
- 3 7 . 0 1 0 9
- 6 2 . 2 3 5 3
- 2 2 . 4 4 2 9
- 0 . 5 4 1 9 7 5
2 2 .9 8 4 9
3 5 .750 0
0 .1 3 7 0 3 4 0 .1318 54
Wi ]=  2 / 3 C.377695 [ Ui ] = 0.458581
0 .4 0 1 9 3 7 0 .8095 64
0 .0 8 3 3 3 3 1.000000
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n+1
Yn+1 = 1 - 4  (Hi/Sh) 2 A„+i,j Yj (6.17')
j=1
For simplicity eq.(6.17) was used in the following 
calculations instead of eq.(6.17'), since usually the mass 
transport through the liquid film is not a significant 
limitation unless the biocatalyst particles themselves are 
operating at a very low effectiveness factor.
After the use of boundary condition eq.(6.17), 
eq.(6.16) becomes
n z
2 Cij Yd - R /<DHXS0) r.CYi.Ui) + Di = 0 (6.18)
j = 1
i = 1 , n
where
C * j  = 4 Ui B i j  + 6 A j j ( 6 . 1 9 )
and
Di = 4 Ui B i>nti + 6 Ai .n+i (6.20)
Then eq.(6.18) becomes n simultaneous algebraic equations 
which can easily be solved for Yi by a standard method 
(Amundson, 1969).
The effect of the internal diffusion barrier on the 
reaction rate can be characterized by an effectiveness 
factor T) , which is defined as the ratio of actual rate of
reaction to that based on the bulk substrate concentration.
For a spherical support T) is :
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R
Jo r.fr.S) rz dr
Tj = --------------------------  (6.21)
R
ra(R,S0) Jo r2 dr
or, by the introduction of eq.(6.4) to (6.5),
1 H
Jo ra(u,Y) (u) du
r] = ------------------------------  (6.22)
1 H
ra (u=1,y=1/Hj) Jo (u) du
The weighting function for the integration of eg.(6.22) for 
a spherical support is (Villadsen, 1978)
H
W(u) = (u) (6.23)
Thus, the quadrature formula of tj can be expressed by the 
following equation :
n
Wn+1 ra(U=1,Y=1) + 2 W t r,(Ui,Yi)
i=1
n+1
ra(u=1,Y=1/H!) 2 Wi
i= 1
(6.24)
where Wi is the quadrature weight at collocation point u4 , 
which can be obtained from Jacobi polynomial Pn(u) 
(Villadsen, 1978, 1967). Also W 4 depends on the form of 
Pn(u) and is independent of the type of differential 
equation. Values of Wi for a three-point collocation of a 
sphere are listed in Table 6.1.
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6.2.2 Estimation of Intrinsic Kinetic Parameters
In conventional kinetic studies, immobilized 
biocatalysts were generally employed in a differential 
reactor. The only observable variables were the substrate 
and product concentrations in the bulk liquid, from which 
the overall reaction rate could be deduced. In parameter 
estimation, the first step is to formulate the objective 
function. According to Himmelblau (11), this choice of 
objective function corresponds to various types of criteria. 
The objective function F may be defined as the sum of the 
squares of the absolute deviation between the predicted and 
the measured overall reaction rates for constant variance in 
the measurement of V0b**
m 2
F = 2 [  (V ob. ) i  -  ^ r « ( S 0 l P o ) i ]  ( 6 . 2 5 a )
i= 1
If the relative deviations in Vob» have constant variance, 
then eq(6.25a) should be written as (Himmelblau, 1967, 1972)
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m
F = 2
i= 1
(V0b*)i — 7?; r%(S0»Po^ i
(VobB)i
(6.25b)
For a nonlinear search of the best fit parameters, there 
often exists a divergence problem when eq.(6.25a) is applied 
to a set of experimental data. Experience shows that 
eq.(6.25b) converges much faster than eq.(6.25a), especially 
at low effectiveness factors in the input data. If the 
experimental data obey the criterion of eq.(6.25a), then 
eq.(6.25b) may be used initially to search for an 
approximate solution of kinetic parameters. Subsequently 
eq.(6.25a) may be used to determine the final solution for 
kinetic parameters utilizing the results from eq.(6.25b).
The kinetic parameters estimated from eq.(6.25a) are usually 
close to those determined by eq.(6.25b).
The effectiveness factor 7) defined by eq.(6.21) usually 
is a complicated function of S 0, Po» and the kinetic 
parameters Ki. However, the quadrature formula eq.(6.24) 
combines all effects of these variables as a single set of 
solvable unknowns (Yi, i = 1, n), expressed in an 
explicit algebraic equation. To obtain kinetic parameters 
Ki, the sum of the squares of residuals F, as expressed by 
eq.(6.25), should be minimized by a certain mathematical 
technique.
Since the objective function eq.(6.25) is in an 
implicit form of the independent variables Ki, the gradient
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search method of minimization is not appropriate; instead, a 
multiple dimensional direct search method should be chosen 
here (Himmelblau, 1972).
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6.2.3 Powell’s Sum of Square (SSQ) Minimization Algorithm
There are several multiple dimensional nonlinear search 
methods which can be used to find the best fit of a kinetic 
modei to the experimental data (Himmelblau, 1972, Fletcher, 
1965, Box, 1966). Among them, Powell's nonlinear least 
square search algorithm is an extremely powerful method for 
finding the minimum of the sum of squares type objective 
function. This method was compared in detail with the other 
methods by Box(1966) and Himmelblau(1972). Generally,
Powell's algorithm requires much fewer iterations than the 
other methods, especially when the number of independent 
variables increases. It therefore tremendously reduces the 
computation time. This is the main reason that Powell's 
algorithm was chosen for this work.
The basic purpose of Powell’s algorithm (Powell, 1965) 
is to modify the Gauss-Newton technique to reduce the 
difficulties involved in solving the set of linear equations 
at each iteration. The procedure incorporates an iterative 
matrix inversion scheme proposed by Rosen (1960) for 
symmetric matrices which change only one row and one column 
at each stage of calculation.
The combination of the orthogonal collocation method 
and Powell’s algorithm is made by incorporating the 
quadrature formula eq.(6.24) into the objective function 
eq.(6.25). Since the quadrature formula is an implicit 
function of S0» Po. and Ki, the procedure for minimizing the 
residual is iterative. Fortunately, the orthogonal
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collocation method is an extremely powerful method for 
solving two points boundary value nonlinear differential 
equations. Usually three to four iterations are enough to 
find a set of Y t for a given set of input data S0, Po. and 
Vob«. The whole computer routine consists of two major 
iteration loops. The inner iteration is used to update 
((Yij, j=1,n), i=1,m), where m indicates the number of 
experimental points and n is the number of collocation 
points. The outer iteration is used to update (Ki, i=1,p), 
where p is the number of kinetic parameters. An IBM 370/3033 
series computer was used for the calculations in this work. 
Fig. 6.1 illustrates the computer flow diagram for searching 
the intrinsic kinetic parameters of immobilized cells and 
enzymes.
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Fig. 6.1 The Iterative Folw Diagram for Searching 
the Intrinsic Kinetic Parameters for Immobilized 
Cells and Enzymes.
Outer Iteration
Initial Guesses of 
K (I), (I), 1=1,n
Set up Gauss-Newton eq. 
(A’ .A) A(< = A' (Y-Y) (*)
Replace Elements 
in Gauss-Newton 
equation
Replace an 
Old Direction 
with New 
Direction 
Vector
Solve Gauss-Newton eq. 
for aK (I)
Calc. New Normalized 
Direction Vector for K(I)
One Dimensional Search for 
New Direction
Conv
1 '
2
2 ’
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Fig. 6.1 Continued.
Inner Iteration
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Yes
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Obtained ?
Input Collocation Constants
Evaluate Jacobian Matrix 
Jtj = BFi/aYj
Input Data
o b s
Updated
Improve Estimated Yij by
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Calculations
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Set up Collocation Equations
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6.3 Applications
6.3.1 Case I Sucrose Inversion by Immobilized Yeast Cells
The effect of intraparticle diffusion on the kinetics 
of entrapped Saccharomvces pastorianus has been studied by 
Toda and Shoda (1975). The overall reaction rates at 
different enzymatic activities in a continuous fluidized bed 
reactor were carefully measured from Fig. 7 of their paper 
and are listed in Table 6.2. The investigators used the 
procedures reported by Akehata(1961) and Bischoff (1965) to 
predict the reaction rates at different substrate 
concentrations by assuming that the kinetic constants of 
immobilized cells were the same as those of intact cells. 
Consistency between the experimental and predicted reaction 
rates was observed by the investigators.
The present method will be used for the estimation of 
kinetic parameters based on the data in Table 6.2 to check 
the consistency of the parameters with the original presumed 
values.
The rate expression is :
Kz EP S
r.(S)  ------------  (6.26)
Km + S
Equation (6.18) for this case becomes :
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Table 6.2 Input Data for the Calculation of Kinetic
Parameters of Case I.
EP Sucrose conc. Observed reaction
CU/cm) (mM) rate,CmM/sec)
455 50.0 1.9157i * 29. 18 1.4368t« 20.49 1.1494I« 13.76 0.7681
57 90.09 0.6219
1' 59.00 0.5359
37.61 0.4262
" 25.95 0.3193
12 75.93 0.123011 59.42 0.111111 34. 16 0.0852t« 17.67 0.0505
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n
2 C j j Y j - 9  <f>2 Yj/( 1 + (Bo Yi) + Dj = 0 (6.27)
j=1
i = 1 , n
where <f> = modified Thiele modulus
= R/3 V K2 EP/CD Km)
(So = So/Km
Solution of the nonlinear algebraic eq.(6.27) gives Yi 
Once Yi is known, the effectiveness factor can be calculated 
by eg.(6.24), for Hi=1 in this case
n
W„+1 + ( 1 + (So ) 2 Yi Wi / ( 1 + (S0Yi )
i= 1
7? =   (6.28)
n+1 
S Wi 
i= 1
The procedure for kinetic parameter estimation using 
eg.(6.27), (6.28), and (6.25a) (or (6.25b)) is presented in 
the following discussion. For each outer iteration eg.(6.27) 
was used to update the solution vector Yi at collocation 
points, which were then substituted in eg.(6.28) to evaluate 
the effectiveness factor. Finally eg.(6.25a) (or (6.25b)) 
was used as the objective function for proceeding with 
Powell’s SSQ minimization search to find the best fit of 
the parameters.
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Table 6.3 The Results of Kinetic Parameter 
Estimation for Case I.
No. of 
colloc. 
pts.
Initial guesses Results Sum of 
squares 
Fx 102
Remark
k 2 Km k 2 Km
3 1.0 38.0 0.98468 41.3413 5.1792 by eq.25b
« i 1.0 38.0 0.74552 27.3466 5.0687 by eq.25a
t t 10.0 100.0 0.98466 41.3397 5.1792 by eq.25b
« t 2.0 80.0 0.98468 41.3410 5.1792 t t
it 20.0 100.0 0.98463 41.3375 5.1792 ti
5 1.0 38.0 0.98491 41.3569 5.1747 it
« t 1 .0 38.0 0.74776 27.5011 5.0826 by eq.25a
t t 3.0 20.0 0.98491 41.3570 5.17470 by eq.25b
The rest conditions are as follows :
Maximum limit on number of functional evaluations = 100
Maximum step sizes in a single step are : 0.1xK2, 0.1xKro, respectively
Units : K2 , (fi mol/min/U) , Km , (mM)
vo-o
9 8
Table 6.4. The Search Results of Kinetic Parameters 
for Each Set of Data in Table 6.2.
Row
No.
EP
U/cm
Kz 
n mol / 
min./U
Km
mM
Sum of 
squares 
Fx 10
Remark
1 455 0.4915 12.0214 6.9007 by eq.25a
2 • « 0.5539 15.9550 6.2752 by eq.25b
3 57 0.9420 32.4760 0.2412 by eq.25a
4 • « 0.9672 34.6611 1.4611 by eq.25b
5 12 1.0155 47.0684 0.01131 by eq.25a
6 • % 1.0607 51.4710 2.0847 by eq.25b
The rest conditions are as follows :
No. of collocation points = 3
Initial guesses : K< = 1.0 (#* mol/min/U), Km = 38.0 mM. 
Maximum limit on number of functional evaluations = 100 
Maximum step sizes in a single step are :0.1xK2,0.1xKm , 
0.1x K2, and 0.1x Km , respectively.
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The search results for the input data listed in Table
6.2 are given in Table 6.3. Both eq.(6.25a) and (6.25b) 
were used for the calculations. The results from the 
three-point collocation were not different from the 
five-point collocation, indicating that a three-point 
collocation is accurate enough for the effectiveness factors 
of the input data ranging from 0.4 to 1.0. Different 
starting points were tested and the final results were 
essentially the same. However, the values of K 2 and Km 
estimated from eq.(6.25a) are quite different from those of 
eq.(6.25b). Thus, one should decide which objective function 
is more reasonable for the data in Table 6.2. The three sets 
of data in Table 6.2 at the same enzymatic activity EP were 
used as the input data to find their best fit parameters.
The results are listed in Table 6.4. By comparing rows 2, 4, 
and 6, it is noted that the sums of the squares of these 
sets of data, measured at different levels of reaction rate, 
are of comparable orders of magnitude. Therefore, the 
errors of these data are additive by eq.(6.25b). However, 
the sums of the squares of rows 1, 3, and 5 decrease as 
reaction rates decrease, and the errors of these data are 
not additive by eq.(6.25a). Therefore, in this case
eq.(6.25b) is much more reasonable as the objective 
function.
The final results of kinetic parameters are, from Table
6.3 , K2 = 0.98491 ^niol/(min) (U), and Km = 41.3570 mM by 
five-point collocation. The corresponding values for intact
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
cells are (Toda, 1975) K2 = 1.0 /amol/min/U and Km = 38. 
mM, which are close to the values obtained in this work. 
These results agree well with the assumptions of the 
literature (Toda, 1975).
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6.3.2 Case II Michaelis-Menten Kinetics with Concentration 
Dependent Diffusion Coefficients 
As discussed in the literature (Toda, 1975), the 
kinetics of sucrose inversion by the immobilized whole-cell 
invertase was studied at relatively low concentrations of 
sucrose, where substrate inhibition of the enzyme reaction 
could be neglected. At higher concentrations of sucrose, 
however, the effect of the substrate inhibition must be 
accounted for. In theoretical calculations, the diffusion 
coefficient of sucrose needs to be expressed as a function 
of sucrose concentration.
For this case the mass balance eq.(6.1) becomes :
(1 /r 2 ) [ (d/dr) r2D(S) (dS/dr) ] = Kz EP S/(Km + S) (6.29)
with the same boundary conditions as eq.(6.2) and (6.3).
The effect of sucrose concentration on its diffusion 
coefficient is given in the literature (Ghosting, 1949), 
which may be expressed by the following equation :
D(S) = Do ( 1 + a S ) (6.30)
where Do is the diffusion coefficient of sucrose at 
infinite dilution, and a is a constant.
In order to employ the orthogonal collocation method to 
solve eq.(6.29), the left hand side may be linearized by the 
following transformation (Crank, 1967)
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C = S + a Sz/2 (6.31)
From which
%
- 1 + ( 1 + 2 a C )
S = -------------------------  (6.32)
By introducing eq.(6.32), eq.(6.29) can be 
simplified as
dzC dC
drs dr
K2 EP
D,
-1 + (1 + 2 a C)
a Km — 1 + (1 + 2 a C$
(6.33)
with the following two boundary conditions :
at r = 0, dS / dr = 0 (6.34)
M M m 2
at r = R, C = Co = S 0 + a (S0 ) / 2 (6.35)
By introducing the following dimensionless groups
x = r / R
M
y = C  /Co = c / H Co
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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M
0o = / Km = H C0 / Km
4 = R/3 V Kz EP/D Km
w H 
z = ( 1 + 2 a Co y )
and
u = x2
eq.(6.33) becomes
d2Y dY
4 u   + 6   =
du2 du
94z ~ 1 + z
  (   ) (6.36)
3o a Km - 1 + z
with only one boundary condition left, Y = 1, at u = 1. 
Similar to eq.(6.27), eq.(6.36) can be discretized by the 
following nonlinear algebraic equations :
n 94z -  1 + Zi
2  Ci  j Yj  -    (   > + Di  = 0  ( 6 . 3 7 )
j=1 0o a Km - 1 + Zi
i = 1 , n
Analogous to eq.(6.28), the effectiveness factor can be 
expressed by the following quadrature formula :
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Table 6.5. The Comparision of Various Effectiveness Factors 
Calculated by Different Quadrature formulae. (#)
Radius
R
(cm)
Thiele 
modulus 
4 (.*)
T1
from 
eq. 38
J) from eq.6.28 and :
JSerror of rj based on 
eq.6.38
a b c a b c
0.03 1 .900 0.9651 0.9631 0.9717 0.9680 -0.21 0.68 0.30
0.05 3. 167 0.8402 0.8226 0.8646 0.8452 -2.09 2.90 0.60
0. 10 6.335 0.5185 0.5000 0.5417 0.5216 -3.57 4.47 0.60
0.20 12.67 0.2817 0.2699 0.2960 0.2833 -4.19 5.08 0.57
_.L
* : 4 is calculated based on the diffusion coefficients of
sucrose at infinite dilution, 
a : based on the diffusion coefficients of sucrose at the 
concentrations in bulk liquid, 
b : based on the diffusion coefficients of sucrose at the 
concentrations of infinite dilution, 
c : based on the average diffusion coefficients of a and b.
# : The rest conditions for these calculations are as follows:
(1) No. of collocation points = 6.
(2) K2 = 0.959 mM, Km = 38.53 mM.
(3) EP = 455 U, S0 = 350 mM.
1
0
4
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(Zn +1 “ 1) Wn+1 n ( z r  1) Wi 
2 ----------
CKm + So) aKm + zn+i - 1 i=1 a Km + Zi - 1
n =
n+1
2 Wi
i= 1 (6.38)
where
Zi = ( 1 + 2 a H C0 Yi f (6.39)
and
*5
zn+i = ( 1 + 2 a H C0 ) (6.40)
Equation(6.37) and (6.38) were used to calculate the 
effectiveness factor at different values of 4> and S0 •
The results are listed in Table 6.5, in which i) ranges from 
0.2817 to 0.9651.
For a reaction scheme more complicated than eq.(6.29), 
it may not always be possible to use the transformation 
equation such as eq.(6.31) to extract the variable diffusion 
coefficient from the left hand side of the differential 
equation. Therefore, it is prefered to find a criterion such 
that D(S) can be replaced by an approximated constant, 
without significantly affecting the accuracy of the 
effectiveness factor.
For this reason the effectiveness factors were 
re-calculated by eq.(6.28) under the same conditions as in 
Table 6.5, except that D(S) in eq.(6.29) was
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constant, D0• The most convenient choice of this constant 
is the diffusion coefficient of sucrose in the bulk liquid, 
and at infinite dilution, and the average of these two. The 
results are also listed in Table 6.5, represented by a, b, 
and c, respectively.
The effect of diffusion coefficient is more important 
at lower T) than at higher T) , as revealed in Table 6.5. 
when close to unity, the best choices of D0 are the values 
in the bulk liquid. Surprisingly, at low T) the best 
choices of D0 are not the values at infinite dilution. An 
interesting phenomenon is that regardless of the range of T), 
the average values of D0 always give satisfactory results 
for T). For this choice of D0 the error of T) is less than 
0.6%.
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6.3.3 Case III. Michaelis-Menten Kinetics with Substrate
and Product Inhibition
So far, conventional methods for solving the intrinsic 
kinetic parameter estimation problem for systems having 
internal diffusional resistance are limited to 
Michael is-Menten or jsimpler kinetics. For the case of more 
complicated reaction1 schemes, the conventional techniques 
become very tedious. No successful solution has yet been 
reported. For a number of realistic applications, however, 
the inhibition of reaction rate caused by high concentration 
of substrate and/or product may not be avoidable. The method 
developed in this work is powerful and convenient for 
solving these complicated problems. In this case the rate 
expression r* in eq.(6.1), becomes a function of the 
concentration of both substrate ,S, and product, P. The 
mass balance eq.(6.1) may be written as the following 
simultaneous nonlinear differential equations.
dr
dS
r2 D.(S,P) <-
dr
K, EP S
(Km + S + S 2/ K . ) C 1  + P/Kp)
(6.41)
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dr
dP
rz DP (S,P) (---- )
dr
a Kz EP S
------------------------- (6.42)
(Km + S + S2/K8)(1 + P/Kp)
where
a = product yield, grams product formed per gram of 
substrate converted.
Ks = substrate inhibition constant, g./l.
Kp = product inhibiton constant, g./l.
In eq.(6.41) and (6.42) both De and DP may be functions of 
substrate and product concentration within the support. From 
the results of the foregoing section, Case II, D8(S,P) and 
Dp(S,P) may be replaced by the appropriate constants D8' and 
Dp', to simplify eq.(6.41) and (6.42).
The boundary conditions for the solution of eq.(6.36) 
and (6.37) are as follows :
at r = 0, dS/dr = dP/dr = 0 (6.43)
IK
at r = R, S = So = H a So (6.44)
M
P = P 0 = Hz Po (6.45)
Equation (6.41) and (6.42) can be combined to eliminate the 
rate term to yield the following equation :
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(cx/r2) (d/dr) [ r2 D.’CdS/dr) ]
+ (1/r2)(d/dr)[ r2 DP'(dP/dr) ] = 0 (6.46)
By using the boundary conditions eg. (6.43), (6.44), and
(6.45), eq.(6.46) can be integrated to express the product 
concentration P in terms of the substrate concentration, 
thus :
P = a D s ' / D p '  ( H i  S o  -  S )  +  H z P0 (6.47)
Equation (6.47) inserted in eq.(6.41) yields the following 
nonlinear differential equation with only one dependent 
variable, S  :
d2S 2 dS
  + ------------
dr2 r dr
K  2 E P  S
Ds’( K m + S + S z/ K i )[ 1 + ( D . ’/ D p ' ) ( a / K p ) ( H i S o - S ) + H 2 P 0/ K p  ]
( 6 . 4 8 )
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By introducing the following transformations :
x = r/R 
Y  =  S / ( H ,  S 0 )
= R/3 K z E P / ( K m  D s ' )
G j  =  H i  S 0/ K m  
G 2 =  H z P 0 / K p  
G 3 =  G i z K m / K s 
D r =  D b f/ D P ’
K r =  K m / K P
Qi = Dr Gi& Kj-
and u = xz
eq.(6.48) can be further simplified as the following 
equation :
d2Y dY
4 u ----- + 6 -----
du2 du
9 Y
( 1 +  G ,  Y + G 3 Y2 )( 1  +  O i  +  G z -  Q i Y)
( 6 . 4 9 )
with only one boundary condition left, Y = 1, at u = 1. 
Then eq.(6.18), for this case, becomes :
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n 9 4Z Yi
2  C i j Y j --------------------------------------------------------------------- + Di  = 0 ( 6 . 5 0 )
j = 1  ( 1 + G i Y i + G 3 Y i 2 ) ( 1 + Q i + G z - Q i Y i )
i = 1 , n
The effectiveness factor in quadrature formula expression 
becomes :
H i  S o  G 2
t? = (1 + ---- + ----- )<1 +  )
G i Kb H z
n G! Yi Wi
2 ( )
i=1 (1+GiYi +G3Yi*)(1+Qi+Gz-QiYi)
G1 Wn + i
( 1 + Ci + G3 ) (1 + Gz )
n+1
/  2  Wi ( 6 . 5 1 )
i= 1
Since there are no experimental data available in the 
literature to test this complex kinetic model, a set of 
hypothetical input data was generated by calculation. By 
assuming the values of Kz, Km , KP, Ks» D*’, DP',EP, R, for 
each set of S0 and P0, the corresponding theoretical 
effectiveness factor ,7? , can be predicted by eq.(6.51). 
Subsequently, this value of 77 was used to calculate VC«|C 
by the relation Vc.ic = 7/ r,(S0,Po)* The results are listed 
in Table 6.6. Since the values of S0 and P0 in Table 6.6 
correspond to the values of 77 from 0.789 to 0.995, 
three-point collocation gives enough accuracy of Vc«ic.
To test the efficiency of the present parameter 
estimation method for this complex kinetic model, VC,|C
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Table 6.6 The Simulated Values of V0b* for Case III (*)
Order of S 0 , Po. V c . l c V e b .
input
data (g/1) (g/1) (g/l/hr) (g/l/hr)
8 5.0 0.5 13.9937 13.8538 
14.1336
9 10.0 1 .0 14.2072 14.0651
14.3492
7 20.0 5.0 11.1695 11.0578 
11.2812
6 30.0 7.0 9.7908 9.6929
9.8887
4 50.0 12.0 7.3576 7.2840
7.4312
5 60.0 10.0 7.6804 7.6036
7.7572
3 85.0 15.0 5.8206 5.7624
5.8788
2 100.0 27.0 3.8986 3.8596
3.9376
1 120.0 40.0 2.7650 2.7374
2.7927
* : The data in this Table are calculated based 
on the following conditions :
D, = 0.02232 cm /hr, Kz = 1.872 1/hr,
DP = 0.0108 cm/hr, Km = 0.44 g/1,
KP = 12.5 g/1, Kb = 200.0 g/1,
EP = 10.0 g/1, R = 0.2 cm,
Number of collocation pts. = 3 
cx = 0.48
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 1 3
values as listed in Table 6.6 were perturbated at ±1% error 
and employed as the input data of Vobs. Consequently, if the 
values of K2, Km , Kp, and Kc, were exactly recovered, the 
present method would be proven successful.
To choose the initial guesses for the parameters is cne 
of the typical problems in a nonlinear estimation procedure. 
For this four— parameter kinetic model the initial guesses 
include : K2, Km , Kp, Ks, as well as ((Yjj , j=1,n), i=1,m), 
where n is the number of collocation points and m is the 
number of experimental data. Good initial guesses of Y id are 
especially important for input data having low effectiveness 
factor, otherwise divergence of the calculation may occur.
To carry out the initial guesses of so many parameters 
within a feasible region is a difficult problem. To reduce 
the difficulty the following shortcut is presented.
First of all, values of Vobe (Table 6.6) are arranged 
in increasing order and plotted in Fig.6.2. Then eg.(6.50) 
and (6.51) are used to calculate T) for guesses of Ki's, 
from which the predicted reaction rate can be calculated 
by the relation Vpred = 7? ra(S0,Po)* These values of Vpi-ed 
at different assumed values of the parameters are also 
plotted in Fig.6.2 to compare with VobB . If they are far 
apart, the values of K2, Km , Kp, and KB are re-guessed to 
find new values of Vprod, and this procedure is repeated 
until they approach Vob«. This procedure may be called 
a "forward calculation". Usally, after experiencing several
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n
Order of Input Data In Table 5
Fig .6.2 The Comparison of Vpred with Vobs at 
Different Calculation Conditions.
X  : Vobs.
• ; Vpred, for K2=2.0, Km=1.0, Kp=5.0, and 
Ks=100.0
A : Vpred, for K2=3.5, 10=1.0. KD=5.0, and 
Ks=100.0
O  : Vpred, for K2=2.5, Km=0.7, K_=8.0, and 
Ks=200.0 *
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calculations, it is easy to figure out which parameters 
should be adjusted to move Vpr#d closer to Vob8. The 
advantage of this procedure is that the CPU time needed for 
calculating a set of Vpr#d by eq.(6.50) and (6.51) is very 
short (about 0.3 sec in this case ).
After this set of approximate values of kinetic 
parameters has been obtained, the corresponding values of 
((V j j, j = 1, n ), i = 1, m) are also obtained. These values 
can then be used as the initial guesses for the computer 
routine of nonlinear search. This subsequent search 
procedure may be called a "backward calculation", which 
includes inner and outer iterations as described in the 
theoretical section.
Generally, two computer routines are required for these 
calculations. One is the orthogonal collocation routine for 
forward calculation to find the feasible starting points for 
nonlinear search, and the other is the combination of 
orthogonal collocation and Powell's nonlinear search 
algorithm for backward calculation, using the results of 
forward calculation as the initial guesses to proceed with 
final search work. Whenever the initial guesses fail to find 
the minimum of the sum of squares (SSQ), the forward 
calculation routine can then be used to find another 
feasible initial set of guesses.
The calculation results of the nonlinear search, for 
the specific choices of step sizes and number of collocation 
points are shown in Table 6.7. The SSQ values underlined in
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Table 6.7 The Calculation Results for Case III (*)
Row
No.
Initial guesses Search results Sum of 
squares 
Fx 103Kz Km KP K» Kz Km KP Ks
1 1.872 0.44 12.5 200.0 ( before search starts ) 1.8006
2 n  11 ii 11 1.8716 0.4400 12.5008 199.988 1.7998
3 2.0 1.0 15.0 220.0 1.8716 0.4400 12.5008 199.988 1.7998
4 3.0 1.0 20.0 300.0 1.8558 0.4253 12.9875 188.948 1.9794 #
5 C previous results 
initial guesses )
as 1.8716 0.4400 12.5009 199.987 1.7998
6 5.0 5.0 30.0 300.0 1.81^1 0.3196 15.0939 152.538 3.4528 #
7 ( previous results 
initial guesses )
as 1. 87 16 . 0.4400 12.5008 199.988 1.7998
* : The rest conditions are as follows :
Number of collocation points = 3
Maximum limit of functional evaluations = 100
Maximum step size in a single step= 0.1x Kj, K t = Km , Kz, Kp, or KB 
Units of Kz, Km , KP, and Ks are the same as those in Table 6.6.
# : Maximum limit on number of functional evaluations was exceeded.
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this table are the final results of search, i.e. no change 
of SSQ was observed for further iterations. The first row is 
the SSQ ( = 1.8006 x 10-3) of the initial guesses of kinetic 
parameters, which were used to calculate Vcalc in Table 6.6, 
before the search started. The second row shows the search 
results by using the values of row 1 as the starting points 
ending with SSQ = 1.7998 x 10-3. By comparison, the 
resulting SSQ and Ki in row 2 are almost the same as those 
of row 1 . Therefore, the initial guesses of row 1 ’’exactly" 
fit the input data in Table 6.6. Rows 3 and 4 used different 
starting points for search. Row 5 used the results of row 4 
as the starting point. This procedure was repeated until no 
further change of SSQ was observed. The final SSQ and Kj 
values in row 3 and row 5 are exactly the same as the 
results of row 2. To further test this search algorithm, 
another starting point was chosen in row 6, ending up with 
the final solutions listed in row 7. The results of this row 
are the same as those of row 2.
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6.3.4 Case IV. Substrate and Product Inhibition Kinetics 
in Exponential Form
The kinetics of biological reactions may sometimes be 
expressed by equations other than Hichaelis-Menten type. For 
example, Moulin et al. (1980) used exponential type kinetics 
to correlate ethanol fermentation from glucose by Candida 
pseudotropicalis. To prove that the present estimation 
method can be widely applied to different types of kinetic 
equations, the exponential form of kinetics is also studied 
in this section.
The rate of reaction in this case may be written as
r.(S.P) = Ki EP exp(- K2 P) exp[ K3(S - K*)]
. exp[ - K3 (S - K*) P ] (6.52)
or
r.(S.P) = exp[ - K2 P + K3(S - K4) - K3(S - K4) P ]
(6.53)
In this case, the two mass balance eq.(6.41) and (6.42) 
become :
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(1/r2)(d/dr)[r2 D«’(dS/dr)] = K, EP exp[- K2P + K3(S - K4)
- K3(S - K4) P ] (6.54)
and
(1/r2)(d/dr)[r2 D.'(dP/dr)] = - « Kj EP exp[ - K 2 P
+ K 3 (S - K 4 ) - K 3(S - K 4) P ] (6.55)
with the same boundary conditions as eq.(6.43), (6.44), and
(6.45).
By following the same procedures as in the foregoing 
section, the relation between the concentrations of 
substrate and product within the support can be obtained by 
combining eq.(6.54) and (6.55) to eliminate the rate term, 
The solution is the same as eq.(6.47). By inserting 
eq.(6.47) in (6.54), we have :
(dzS/dr ) + (2/r) (dS/dr) = (Kx EP/D,' ) exp[ - K2oc (DS’/DP’)
.(Hx So - S) - K z H 2 P o + K 3 (S - K 4)
- K 3 (S - K4)(a (D.,/ D p ,)(Hl So - S) + H 2 P0> ] (6.56)
By introducing the following transformations :
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G 4 = K 2 H ,  S o
G 5 =  K 2 H 2 P o
G 6 = K 3 Hi S o
G 7 = K 3 Hz P o
Q2 = G« oc Dj-
Q 3 =  K 3 oc D r H i  S o
P H I  =  9<f>z K 2 / ( H 1 S 0 )
d 1 = - q2 - g5 - k3 k4 + q3 k4 + G, k4
d 2 =  Q 2 +  G t  ~  C 3 H i  S o  G 7 H i  S o  —  Q 3 K 4
d 3 =  Q 3 H i  S o
eq.(6.56) can be simplified as :
4 u (dzY/duz) + 6 (dY/du) = PHI exp( d x + d2 Y + d3 Yz)
(6.57)
with only one boundary condition left, y = 1, at u = 1. 
Equation (6.8), for this case, becomes :
n
2 Cij Yd - PHI exp(di+d2Y? +d3Y;z) + D 4 = 0 (6.58)
j=1
i = 1 , n
The effectiveness factor in quadrature formula expression 
becomes :
T) = ( 7?1 + T)z ) / J?o T)3 (6.59)
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where
no = exp[ - Kz Po + K3(S0 - K*) - K3(S0 - K*) P0 ] (6.60)
n 1 = Wn+1 exp(di + d2 + d3) (6.61)
n
772 = S Wi exp(d, + d2 Yi + d3 Yi2) 
i  =  1
(6.62)
n+1
n 3 = 2 Wi
i= 1
(6.63)
The same procedures as those of Case III were followed 
to test the kinetic model eq.(6.52). The values of Vcaie 
calculated from the relation VC1|C = n .r a ( S 0 ,Po) are 
listed in Table 6.8. Again Vc*]c values in Table 6.8 were 
perturbated at ± 135 error and employed as the input data of 
Vobs* The results of nonlinear search for this kinetic model 
for the specific choices of step sizes and number of 
collocation points are listed in Table 6.9. Row 1 is the S S Q  
of the kinetic parameters used to calculate the Vpred values 
in Table 6.8 before starting the nonlinear search starts.
Row 2 and row 3 are search results from using the data in 
row 1 as the starting point. The SSQ value is very close to 
that of row 2 and row 3; however, the results of the kinetic 
parameters are quite different from each other except for Ki 
and K3. Then a different starting point was tested in row 
4, and ending up with the results in row 5 and row 6. 
Likewise, K 4 values in row 5 and row 6 are different from 
those in row 1 to row 3, but with the same minimum SSQ. To
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Table 6.8 The Simulated Values of V0be for Case IV (*)
Order of S 0 , Po. V c . l c V o b .
input
data (g/1) (g/1) (g/l/hr) (g/l/hr)
9 10.0 1.0 8.73993 8.65253
8.82733
8 30.0 5.0 8.74705 8.65968
8.83452
7 50.0 10.0 8.46375 8.37911 
8.54839
6 80.0 20.0 7.33548 7.26212
7.40883
5 100.0 30.0 5.99784 5.93786
6.05782
4 140.0 35.0 4.34056 4.29715 
4.38396
3 180. 0 62.0 1.57135 1.55564 
1.58706
2 220.0 70.0 0.74304 0.73561
0.75047
1 250.0 82.0 0.30518 0.30213
0.30823
* : The data in this Table are calculated based 
on the following conditions :
D. = 0.02232 cm2/hr, K, = 8.76 1/hr,
DP = 0.0108 cm/hr, Kz = 0.0034 1/g,
K3 = 0.00019 1/g, K„ = 50.0 g/1,
EP = 1.0 g/1, R = 0.1 cm,
Number of collocation pts. = 3 
a = 0.48
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Table 6.9 The Calculation Results for Case IV (*)
Row
no.
Initial guesses Search results Sum of 
squares 
Fx 103Ki Kz K3 
x103 x10*
k 4 Ki Kz 
x 1 03
k 3
x10«
k 4
1 B.76 3.4 1.9 50.0 < before search starts ) 1.80124
2 it it it •• 1 8.8575 14.665 1.9000 109.290 1.80045
3 ( previous results 
initial guesses )
as 8.8554 14.437 1.9000 108.090 1.80045
4 9.0 4.0 2.5 60.0 9.1258 23.839 1.8739 155.702 5.12660 »
5 C previous results 
initial guesses )
as 9.1229 44.195 1.9000 264.708 1.80045
6 ( previous results 
initial guesses )
as 9.1221 44.108 1.9000 264.249 1.80045
7 15.0 5.0 3.0 100.0 21.508 773.54 3.0124 2649.25 1668.77 n
8 ( previous results 
initial guesses )
as 14.288 580.11 2.1826 2718.56 50.1506 U
9 ( previous results 
initial guesses )
as 14.972 584.36 2.0568 2888.41 19.0201 #
10 ( previous results 
initial guesses )
as 15.434 573.20 1.9000 3048.93 1.80045 n
* : The rest conditions are as follows :
Number of collocation points - 3
Maximum limit of functional evaluations = 100
Maximum step size in a sigle step = 0.1x K t, Ki = K x, Kz, K3, or K4 
Units of Kj, Kz, K3, and K4 are the same as those in Table 8
# : Maximum limit on number of functional evaluations was exceeded.
1 2 4
make a further test, another starting point was chosen in 
row 7. From the results of row 7, it is seen that the SSQ is 
far from the miminum values. Therefore, the results of the 
previous iteration were repeatedly used as the initial 
guesses for next iteration. Finally, the minimum SSQ was 
attained as shown in row 10. Again the final K 4 values are 
also different from the foregoing results.
From the calculations of Table 6.9, it is seen that 
multiple solutions of Ki exist for the kinetic equation 
(6.52). Since the kinetic model is in exponential form, the 
reaction rate is more sensitive to the change of Kj than 
Case III. And also the rate of convergence is not as fast as 
Case III.
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6.4 Conclusions
The intrinsic kinetic parameter estimation method for 
immobilized enzymes or microbial cells, developed in this 
work, is powerful and generally applicable to different 
types of kinetic equations. It is not limited to 
Michaelis-Menten kinetics. In addition, this method can be 
used where an external mass transfer resistance exists 
simultaneously with an internal diffusion reistance.
The concentration-dependent diffusion coefficient of 
the substrate within the support at higher concentrations 
can be easily approximated by the simple average of the 
diffusion coefficient at infinite dilution and that in the 
bulk solution. The effectiveness factors obtained by this 
approximation have less than 0.6% error regardless of the 
range of effectiveness factors.
For successful application of this method, approximate 
initial guesses for the parameters and the choices of the 
step sizes for minimization are important, especially for 
the more complex kinetic equations.
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CHAPTER SEVEN KINETIC STUDY OF IMMOBILIZED YEAST CELLS 
FOR THE PRODUCTION OF ETHANOL
7.1 Introduction
Although the kinetics of ethanol fermentation from 
sugars by intact cells has been measured by several modern 
investigators, for example Aiba et ai. (1968,1969), Holzberg 
et al. (1967), Moulin et al. (1980), and Bazua and Wilke 
(1977), the kinetics of immobilized cell systems have not 
been rigorously studied . Since the microenvironmental 
conditions and physiology of growth and metabolism of 
immobilized cells are somewhat different from those of 
intact cells, the direct application of the kinetic 
equations for intact cells to immobilized cells may not be 
appropriate.
One of the most significant differences in 
microenvironmental conditions between intact cells and 
immobilized cells is the external mass transfer resistance. 
Traditionally, Monod's model ( with or without an inhibition 
effect ) was employed for free yeast cells in the fermenting 
broth. The external and internal mass transfer resistances 
of yeast cells were neglected by Monod's model for the 
following two reasons. One is that the kinetic parameters 
of Monod's model were determined in a well-stirred reactor, 
in which external mass transfer resistance was minimized.
The other reason is that the effectiveness factor of small 
(5-8/i) particles is essentially negligible (Weize, 1973).
126
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For the case of immobilized cells within a support, the 
fluid surrounding the cells is almost stagnant; the external 
mass transfer resistance is obviously different from that of 
intact cells. Recent experimental evidence on the effect of 
stirring on the external mass transfer resistance of cells 
was obtained by Kasche et al. C1980), who used 2 oxygen 
microelectrodes to measure the thickness of the diffusional 
layer outside the cells and immobilized biocatalysts. They 
found that the thickness of the liquid film is a function of 
stirring speed.
The difference in the physiology of growth and 
metabolism (parameters like rate of C02 evolution and 02 
uptake, respiration quotient, and generation time) between 
immobilized and intact cells has been studied by a number of 
investigators. Hattori (1961, 1963, 1966, 1972a, 1972b) 
demonstrated that the chemical activities of a number of 
bacteria adsorbed on Dowex-1 exhibited differences compared 
with those of free cells. Optimum pH shifts for immobilized 
cells have been reported by Hattori and Furusaka (1961), 
Gunnison and Marshall (1937), and Lahar (1962). Navarro and 
Durand (1977, 1980) reported modification of yeast 
metabolism *and reduction in generation time of immobilized 
Saccharomyces carlsberaensis on porous glass beads. Marcipar 
et al. (1980) reported that the population of adsorbed yeast 
cells and Trichosporon s p . on ceramic supports have a 
higher rate of respiration than the free cells. Recently 
Bandyopadhyay and Ghose (1982) found that the ratio of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 2 8
specific oxygen uptake rate, generation time and rate of 
specific C02 evolution for immobilized cells to free cells 
are markedly different from 1.0.
Therefore, the kinetic parameters of immobilized cells 
may be expected to be different from those of intact cells, 
even though the same type of kinetic equation, say Monod’s 
kinetics, is still applicable.
The objective of this chapter is to determine the 
intrinsic kinetic parameters for ethanol fermentation by 
pellicular type immobilized Saccharomvces cerevisiae. using 
the kinetic parameter estimation technique developed in 
Chapter Six.
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7.2 The Response of Immobilized Yeast Cells
The detailed experimental procedures for measuring the 
reaction rates of immobilized yeast cells have been 
described in Chapter Three. For the determination of the 
kinetic parameters, the reaction rates of a series of 
glucose and ethanol concentrations in the bulk liquid must 
be measured at a steady state for the reaction system. When 
the concentrations of glucose and ethanol in the bulk liquid 
are suddenly changed from a previous steady state, it takes 
a finite time to establish a new steady state. The time to 
reach equilibrium from the moment of changing the bulk 
solution (we may cail it the response time) depends upon the 
external diffusion resistance of the gel beads, the internal 
diffusion resistance of the gel beads and yeast cells, as 
well as the rate of adaption of immobilized yeast cells to 
the new environment.
Figure 7.1 illustrates the response curve of the 
immobilized yeast cells under different experimental 
conditions in the gradientless recirculating reactor (GRR). 
Curve A shows the variation of the reaction rate of starved 
cells (starved overnight) after they were supplied by a 5% 
glucose buffer solution. Curve B is the variation of the 
reaction rate of the same immobilized yeast cells as those 
of Curve A, but with different time scale. The time 
difference between the end of Curve A and the beginning of 
Curve B is 20 hours. The conditions of these two curves are
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Fig.7.1 The Response Curve of Ethanol Production Rate in the GRRj
and the Variation of Cell Activity in 20 hrs.
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compared as follows.
Curve A :
(1) Sudden change from the substrate depleted broth.
(2) Liquid hold-up : 152.2 ml.
(3) Flow rate : 9.0 ml/min.
(4) Sustrate conc. : 50.0 g/1 glucose.
(5) Recirculating rate : 400 ml/min.
(6) Response time : 1.3 hrs.
(7) Ethanol conc. : 1.15 g/1.
(8) Catalytic activity : 0.63 g. EtOH/hr.
Curve B :
C1) Sudden change from the substrate depleted broth.
(2) Liquid hold-up : 444.2 ml.
(3) Flow rate : 7.0 ml/min.
(4) Substrate conc. : 50.0 g/1 glucose.
(5) Recirculating rate : 400 ml/min.
(6) Response time : 3.0 hrs.
(7) Ethanol conc. : 1.51 g/1.
(8) Catalytic activity : 0.66 g.EtOH/hr.
(9) Time-: 20 hours after the experiment of Curve A.
The foregoing comparison shows that the cell catalytic 
activities of curve A and curve B are essentially no 
different regardless of the different experimental 
conditions. Fig.7.1 also shows that the catalytic activity
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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of immobilized cells remains constant in this period, 
without supplying any other nutrients. Steady state has been 
attained after 1.3 hrs. for curve A, and 3.0 hrs. for curve 
B. The shorter response time of curve A is probably due to 
the smaller liquid holdup of the reaction system. The 
foregoing comparision also shows that the ethanol 
concentration of curve B is higher than that of curve A due 
to lower flow rate. Since the measurement of reaction rate 
is less accurate at very low ethanol concentration, the flow 
rate shouldn’t be too high.
The response curve of a batch stirred flask is shown in 
Fig. 7.2. The immobilized cells were refrigerated at 5°C for 
one week after immobilization and incubation. Then 34.5 ml. 
of these immobilized cells were placed in an Erlenmyer flask 
containing 920 ml. of 10% glucose buffer solution 
presaturated with compressed C02 gas as described in Section 
3.4. It is seen that a straight line of ethanol 
concentration vs. operating time was obtained after one hour 
of operation. The slope of this straight line represents the 
reaction rate of the immobilized cells. Since originally the 
substrate concentration in the flask is high, a constant 
reaction rate for a long period of time as shown in Fig. 7.2 
is expected. The ethanol production rate curve shows a 
response time as short as one hour, even with these long 
time-refrigerated immobilized cells. Fig. 7.3 also shows 
that the C02 evolution rate reached steady state in 2.5 
hrs., and stayed constant up to 7.5 hrs.
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From Fig. 7.1, 7.2, and 7.3, it can be confidently 
concluded that 4 hours is long enough for the immobilized 
yeast cells to attain a steady state after a change of 
environmental conditions. This criterion is applied to all 
the reaction rate measurements.
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7.3 The Fermentation Power of Immobilized Cells
The activity level of immobilized cells for multiple 
enzymatic reactions during operation is uncertain; cells in 
the support may multiply or die during the experiment. In 
addition, the viability of immobilized cells may not be 
measurable during the experimental run. Therefore, an 
alternative definition of activity level, rather than cell 
concentrations, for the immobilized cells is proposed here.
As indicated in eq.(6.26) the reaction rate of 
immobilized enzymes is proportional to the product of rate 
constant K2 and enzyme concentration EP. For immobilized 
cells this would be the product (.v X) , where v is the 
maximum specific productivity of immobilized cells (1/hr) 
and X is the concentration of "viable cells" within the 
support per unit volume of free space (g/1) of the support. 
v is the kinetic constant independent of the cell 
concentration or level of cell activity; however, X is 
uncertain for immobilized cells and even unmeasurable 
during the experiment. For this reason we redefine these two 
quantities as (K2 Ym), where K2 is a kinetic constant and 
Ym is a measurable quantity.
In this section Ym is defined as the rate glucose is 
fermented to ethanol by a unit amount of immobilized yeast 
cells when they are exposed to a standard substrate 
concentration. We may call it the effective "fermentation 
power" of immobilized cells. In units, Ym can be expressed
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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as (g. glucose/hr/1). The value of Ym should be determined 
experimentally, by supplying a standard substrate 
concentration to the immobilized cells and measuring the 
rate of glucose consumed per unit time, under conditions 
such that substrate and product inhibitions and the internal 
diffusion resistance are negligible.
In this work, Ym was measured using a standard glucose 
concentration, 50 g/1 at pH 5.0, with phosphate and citrate 
buffer as described in Chapter Three. The following sample 
calculations indicate the procedure for determining the 
fermentation power of the immobilized yeast cells.
The total volume of active layer is calculated by the 
following equation :
V = 4/3 7r ( Rz3 - R, 3) N (7. 1 )
where Rz is the radius of gel bead; Ri is the radius of the 
inner surface of active layer; N is the number of gel beads. 
If the measured total activity of immobilized cells with 50 
g/1 glucose is a t (g. glucose consumed/hr), the 
fermentation power Ym can be expressed by the following 
equation :
Ym = a t/V (g. glucose/hr/(cm3)) (7.2)
From the definition of the modified Thiele modulus of a
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sphere
<f> = R2/3 V K2 Ym/(Km D) = dimensionless (7.3)
where -the unit of Km is (g. glucose L*3), and the diffusion 
coefficient of glucose within the support D is in (L2/hr). 
Therefore, the newly defined kinetic constant K2 in eq.(7.3) 
should be dimensionless. The procedure for the determination 
of Ym and K2 for the immobilized yeast cells from the 
experimental data is discussed in Section 7.6, 7.7, and 7.8.
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7.4 The calibration of Reaction Rates vs.
C02 evolution Rates
The ethanol yields with immobilized cells are much 
higher than with intact cells as reported by a number of 
investigators; conversions over 93% of glucose to ethanol 
and C0Z are common. In this work, only glucose in phosphate 
and citrate buffer was supplied to the immobilized yeast 
cells during the experimental runs, and the measured ethanol 
yield was as high as 96%. This high yield permits the 
ethanol production rate to be reasonably calibrated by the 
C02 production rate.
The total C02 produced includes the C02 evolved from 
the reaction system and the C02 dissolved in the fermenting 
broth. Despite the fact that there are several methods for 
the determination of dissolved C02, most of them are tedious 
and may need special instruments (Skeggs et al.. , 1951).
Since the substrate solution was presaturated with a 
pressurized C02 gas as described in section 3.4, the C02 
produced by the reaction should totally evolve as soon as 
formed. Thus, a steady state evolution rate is expected.
This is observed in Figs. 7.1, 7.2, and 7.3.
The calibration curve of C02 evolution rates vs. 
ethanol production rates obtained from the experiments with 
low ethanol concentrations is shown in Fig. 7.4, in which a 
straight line was obtained. The data points in Fig. 7.4 are 
the average values from several hours' operation. The
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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calibration curve in Fig. 7.4 was employed to evaluate the 
ethanol production rates from the measured C02 evolution 
rates in the high ethanol concentration region.
The results of reaction rate measurements are listed in 
Table 7.1.
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Table 7.1 The Results of reaction Rate Measurement 
in GRR and Stirred Flask. (#)
So Po V bs Ym
No. (g/1) (g/1) (g.glu./l/hr) (g.glu./l/hr)
1 4. 17 0.421 28.05 39.08
2 3.53 0.751 33.73 39.08
3 2.94 1 .053 28.54 39.08
4 28.36 0.838 39.44 39.08
5 28.36 0.838 32.26 39.08
6 264. 1 0.951 32.58 39.08
7 264. 1 0.951 38.92 39.08
8 148.6 0.882 37.36 34.73
9 65.97 50.93 25.25 34.73
1 0 65.97 50.93 28.71 34.73
1 1 65.97 50.93 26.35 34.73
12 143.2 31 .06 32.95 34.73
13 143.2 31 .06 31 .77 34.73
14 198. 1 0.982 35.23 40.97
15 198. 1 0.982 36.84 40.97
16 198. 1 0.982 42.73 40.97
17 47. 12 1 .506 39.90 40.97
18 47. 12 1 .506 42.03 40.97
19 358.3 1.416 22.43 40.97
20 358.3 1.416 28.25 40.97
21 86.84 73.39 42.62 62.88
22 86.84 73.39 33.74 62.88
23 86.84 73.39 35.74 62.88
24 7.42 1 1 .32 28.20 40.94
25 7.53 51 .31 25.66 40.94
26 7.53 51 .31 27.56 40.94
27 7.53 51 .31 27.70 40.94
28 148.9 0.544 33.38 43. 15
29 1 18.8 0.588 30.27 43. 15
30 8. 1 1 0.967 60.89 70.81
31 8. 1 1 0.967 59.91 70.81
32 8. 1 1 0.967 58.47 70.81
33 47.78 1 . 136 70.79 70.81
* : Ym based on 50 g/1 glucose.
c .—' u : Glucose concentrat ion in the bulk liquid.
Po : Ethanol concentration in the bulk liquid.
Vob, : Observed reaction rate.
Ym : Fermentation power.
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7.5 External Hass Transfer Coefficients
7.5.1 Stirred Flask
The mass transfer coefficient from a liquid to the 
suspended particles in a stirred flask may be evaluated by 
the approach proposed by Brian and Hales (1969). The 
correlation equation is :
In eq.(7.1) kd is the mass transfer coefficient (cm/sec); 
dP is the particle diameter (cm); D is the diffusion 
coefficient of the diffusion species (cm2/sec); U is the 
slip velocity ( the relative velocity between solid 
particles and the fluid ) (cm/sec).
In order to determine the slip velocity of the gel 
beads in the stirred flask, the following experiment was 
performed. Several 500 ml. Erlenmyer flasks, each containing 
45 ml. beads of immobilized yeast cells after incubation and 
150 ml. of substrate solution ( 50 g/1 glucose completed 
medium ), Were placed in a thermostat-controlled rotary 
shaker. The frequency of the shaker varied from 137 to 392 
rpm. At 137 rpm the beads in the flask were just starting 
to be suspended in the liquid. The concentration of glucose 
in the flask was determined at different times. The measured 
glucose concentrations at different time and different
2
( kd dp/D )
H
4 . 0 + 1  .21 (dp IJ/D ) (7.4)
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frequencies of the shaker are shown in Fig. 7.5. The 
glucose concentrations vs. time plots are straight lines at 
different frequencies. The slopes of these straight lines 
are equal to the rates of disappearance of glucose. Thus 
the reaction rates from these experiments are, 17.7, 16.0, 
and 17.0 g/hr, respectively, at the frequencies of 137, 260, 
and 392 rpm. Obviously, the reaction rates are independent 
of the frequencies of the shaker; therefore, the slip 
velocity can be approximated by the terminal velocity of the 
beads ( Dahodwala and Humphrey, 1976; Engasser, 1978 ).
The terminal velocity Ut can be evaluated from 
Stokes' law and applying a correction factor to the 
calculated velocity ( Sherwood et al., 1975 ) by the 
following procedures :
(1) Calculate the terminal velocity from Stokes’ law :
dP2(pc- p)g
UtB = --------------  (7.5)
18 (j.
where pc and p are the densities of the particle and the 
fluid, respectively; g is the gravitational acceleration 
(981 cm/secz ); and p is the fluid viscosity in poise 
(g/cm/fcsec).
(2) Calculate the Reynolds number at UtB by the 
the following equation :
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R..t. = dP Ut. ? /fi (7.6)
(3) Correct Ut* to U t by the following relation :
R«, t« 1. 10, 100, 1000, 10000, 100000
Ut/Ut. 0.9, 0.65, 0.37, 0.17, 0.07, 0.023
The value of Ut obtained from the foregoing calculations can 
then be substituted in eq.(7.5) to evaluate kd.
Numerical Example
Given the following data :
pc ~ P = 0.1 g/1 
dP = 0.4 cm 
fi = 0.01 poise 
D = 6.2 x 10“* cma/sec 
g = 980 cm/sec2
UtB = 87.1 cm/sec (from eq.(7.5))
R»»t« = 3484.4 (from eq.(7.6))
Therefore Ut/Ut. = 0.1424
Ut = 12.4 cm/sec
kd = 1.587x10“* cm/sec-3(from eq.(7.4))
7.5.2 Packed Bed
The value of the external mass transfer coefficients 
for particles in a column can be expressed by the following 
equation ( Williamson et ai., 1963, Engasser, 1978 ) :
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
14?
(k„/U) ifi/p D)% = 2.5 <dP U p/fj.)° 66 (7.7)
where U is the average fluid velocity in the column and 
P is the fluid density.
Numerical Example
Given the following data :
dp = 0.4 cm 
6 = 0.356 (void fraction) 
p. = 0.01 poise 
D = 6.2 x 10" 6 cm2/sec 
Circulating rate = 400 ml/min 
U = 1.696 cm/sec 
From eg.(7.7) kd = 1.846x10"3 cm/sec
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7.6 The Pellici:iar Model of Immobilized Yeast Cells
The study of growth behavior of immobilized yeast cells 
in a rotary shaker (Chapter Four) shows that the thickness 
of the active layer is approximately constant regardless of 
the substrate concentrations. This implies that the boundary 
of the physical model is fixed during the experimental 
measurement of reaction rate. The distribution of cells 
within the gel may be illustrated by Fig. 7.6. The 
viability test (Fig. 4.3) shows that if the center core of 
the gel is exposed to the bulk liquid, an active layer forms 
again along the sliced surface of the gel. So far no 
definite evidence is able to explain this phenomenon. One 
possibility is that an inhibiting material formed during the 
growth of cells, as discovered by Fukuda (1978), in the 
culture of cells. Regardless of what the true reason is, 
the immobilized biocatalyst as shown in Fig. 7.6 may be 
treated as a " pellicular biocatalyst ", just as if the 
active layer were " coated " on the surface of gel beads, 
for the f o-Jrl-ew-ing reasons : ( 1 ) the cells in the center
core lack activity, C2) if the gel bead is small, 4 mm for 
example, the amount of cells in the center core may be 
negligible; (3) the actual boundary between the active layer 
and the center core clearer than that observed in Fig. 4.1. 
For these reasons, a "pellicular model" as described by 
Engasser and Horvarth (1972) for analyzing a coated 
immobilized enzyme, may be used in this work.
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The following assumptions were set up for building the 
mathematical model :
<1) The gel beads are spherical and have uniform sizes.
(2) The thickness of the active layer of immobilized cells 
is constant during the experiment.
(3) The cell concentration in the active layer is uniform.
(4) The absorption of C02 by NaCl solution in the C02 
measuring cylinder is negligible during the 
measurement of. C02 evolution rates (Appendix A-3).
(5) The leakage of the yeast cells from the support to the 
bulk liquid is negligible.
(6) The total mass of viable cells within the active layer 
doesn't change during the experiment.
(7) The C02 produced in the active layer has no effect on 
the diffusion coefficients of glucose and ethanol.
(8) The percentage of glucose converted to ethanol stays 
constant at 96%.
Previous work (Aiba, 1968, 1969, and Nagatani, 1968) 
shows that ethanol fermentation by yeast cells from glucose 
follows Monod's model at low substrate and product 
concentrations; however, product inhibition becomes 
significant when ethanol concentration in the fermenting 
broth increases. The inhibition of ethanol on the 
fermentation rate was proven as belonging to a 
noncompetitive type (Aiba, 1968, 1969). At higher substrate
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concentration, the inhibition of the fermentation rate by 
the substrate becomes significant, as described by (Andrews, 
1968). Therefore, the rate of glucose conversion by yeast 
cells to ethanol can be expressed by the following general 
rate equation :
K2 Ym S
ra(S,P)  ---------------------------------  (7.8)
( Km + S + S2/K, )( 1 + P/Kp )
where Ym is defined as the " effective fermentation power "
of immobilized yeast cells; Km , K2, Ks, and KP are kinetic 
constants.
The mass balance of substrate and product within the 
differential element of active layer in Fig. 7.6 may be 
expressed by the following nonlinear differential equations, 
whcih are the same as eq.(6.41) and (6.42) :
(1/r2) (d/dr)[ r2 D.'(dS/dr) ] =
K2 Yra S / (Km + 3 + 52/K.)(1 + P/Kp) (7.9)
and
<1/r2) (d/dr)[ r2 DP'(dP/dr) ] =
“ a K* Ym S / (Km + S + S2/K«)<1 + P/Kp) (7.10)
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within the Gel Bead.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 5 2
where a is ethanol yield, Ym is the fermentation power of 
immobilized yeast cells. The boundary conditions for the 
solution of eq.(7.2) and (7.3) are obtained from the 
concentration profiles of glucose and ethanol within the 
active layer, as illustrated in Fig. 7.7, as follows :
at r = Ri, dS/dr = dP/dr = 0  (7.11)
at r = Rz, Ds'(dS/dr) = hs(S0 - S/Hi) (7.12)
DP'(dP/dr) = hP(P0 - P/H2) (7.13)
where Ds' and Dp' are the corrected diffusion coefficients 
of glucose and ethanol according to the results of Section 
6.3.2. h6 and hp are the external mass transfer coefficients 
of glucose and ethanol. Hi and H2 are the partition 
coefficients of glucose and ethanol, respectively.
Equation (7.12), divided by eq.(7.13), becomes
dS Dp'h, (S0 - S/Hi)
  = ------------------------------------------- (7.14)
dP • Ds'hP (Po " P/H2)
Following the same procedures as described in Section 6.3.3
and eq.(7.14) the relation between the concentration of 
glucose and ethanol in the active layer can be derived as 
the following equation :
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P = Hz P0 + ai(S0 ~ S/H:) (7.15)
where ofi = a H2 Ds’/Dp’ (7.16)
Equation (7.15) inserted in eq.(7.9), yields
d2S 2 dS
dr2 r dr
Kz Ym S
(7.17)
D s '(Kro+ S+ S 2/Ks )[1+ H2P0/Kp+ aiS 0/Kp - aiS/(KpH,)] 
Introducing the following transformations :
cxz = 1 + Hz P0/ K p + «!  S 0/Kp ( 7 . 1 8 )
of3 =  Of! / ( K p  Hi ) ( 7 .  19)
and the following dimensionless variables :
x = (r - R!)/(Rz - Ri) (7.20)
r = (Rz - R i)/Rz (7.21)
Y = S/(Hi S 0) (7.22)
i = Rz/3 V Kz Ym/Km D.’ (7.23)
G8 = Hi S0/Km (7.24)
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G9 = Hi So /(K. Km ) (7.25)
Gj o — Hi So (7.26)
and
u = x2 (7.27)
Equation (7.17) can then be simplified as :
dzY 4 'Ju dY
4 u ------ + [ 2 + ---------------- )   =
duz 'Ju + (1 - t ) / t  du
9 <f>z t z Y
(1 + Gb Y + G9 Yz )(o<2- Gl0 Y)
The boundary condition , simplified from eq.(7.12), 
becomes :
(7.28)
2 D,' Hi Vu (dY/du) = hsr R2(1 - Y) (7.29)
The discretization of eq.(7.28) becomes :
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4 -Ju i
n+1 n+1
4 ui  2  B i j  Yj  + [ 2 + ----------------------------------- ] 2  A i j  Yj
j=1 VUi + (1 - t )/t J=i
9 *2t* Y 4
= ---------------------------------- (7.30)
(1 + G8Yi + G9Y j 2 ) ( a 2 -  G10Y i )
i = 1 , n
and the boundary condition, eg.(7.29) becomes :
n
h. - 2 D.' H, 2 An+1»j Yj/(T Rz) 
j=1
Yn+ j = ----------------------------------------------------------------------------------  ( 7 . 3 1 )
2 D , ’ H, An + j , n + i /(r R2) + h.
The following transformation are also introduced for further 
simplification :
Let
CCi = 2 Ds' Hi / (t R2) (7.32)
PHI = 9 t 2 (7.33)
U1 = 2 + 4-Vui/[Vuj + (1 - t)/t] (7.34)
CC2 = hs + C C i A n+i,n+i (7.35)
Equation (7.29) and (7.30) can be combined as the following
n simultaneous nonlinear algebraic equation :
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n 4UiBi,n*iCCiA,*i . <
2  [ 4u i B i j  + U1 A i j ---------------------------------------------
j=1 CC2
A » » n + iCC j A n + i,j
CC2 
PHI Yi
] Y,
C1 + G8Y i + G9 y! )(crz - G 10 Yi)
4 u i  B i , n + j hB + U 1  A i , n  + i hB
+ -----------------------------------  = 0 (7.36)
CC2
i = 1 , n
Employing the Gauss-Newton method ( Villadsen, 1978) to 
solve the simultaneous nonlinear algebraic eq.(7.36) the 
dimensionless concentration profile of glucose Y» can be 
calculated, from which Yn+i can be calculated by eq.(7.31) 
Then eq.(7.15) can be employed to find the concentration 
profile of ethanol within the gel matrix.
The effectiveness factor T) can be evaluated by the 
following equation :
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Jv ra(S,P) dV
77 = -
r.(So.Po) V
R2 Kz Ym S
J R 1 -------------------------------------------------------------  4  7 rrzd r
(Km + S + S2/K«)(1 + P/Kp)
Kz Ym So Rz
JR, 47rr2dr
(7.37)
(Km+ S0+ S0 2/ K s ) ( 1 +  P0/ K p )
Introducing eq.(7.20) to eq.(7.27), and the 
following equation :
G 1 1 = <Km + S0 + So2/ K*)(1 + P0/Kp)/S0 (7.38)
eq.(7.37) becomes :
1 G8Y (t>/u + 1 - r >2u du
'*1 JJo0 (1 + G8 Y + G9 Y2) ( c<2 -  G i 0 Y)
7) =   (7.39)
1
Jo (rVU + 1 - r)2u du
The weighting functions for quadrature integration are 
as follows•(Villadsen, 1978) :
-H
for slab W(u) = u (7.40)
for cylinder W(u) = 1 (7.41)
h
for sphere W(u) = u (7.42)
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The choices of these three weighting functions becomes less 
significant as the number of expension terms of the Jacobi 
polynomial increases. Note that the integration boundary 
of eq.(7.37) is from Ri to R2 . The physical model becomes a 
"hollow sphere" instead of a "sphere". To find out which 
weighting function is the best choice for this "hollow 
sphere", we need to test these three weighting functions 
individually.
If both the numerator and denominator of eq.(7.39) are 
expressed by quadrature integation, eq.(7.39) becomes a 
"full quadrature formula" (FQF) as the following equation :
G i i C T)0 + T) j )
?, = --------------------  (7.43)
W„ +i + 4z
where
G  8 W n + l  Y n ♦ i
7,0 = ----------------------------------------------- (7.44)
(1 + Ge Yn+1 ■+ G 9 Yn+i )(o<2 “ G 10 Yn + i)
n G b Yi [ r -</u7 + 1 - r ] z Wi
J?i = 2     (7.45)
i=1 u,(1 + GeY, + GgYi )(a2 ~ Gjo Yj)
  for sphere
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n G8 Yi  [ t  Vuj  + 1 -  r  ] z Wj
77, = 2   (7.46)
i=1 Vu“ (1 + GeYi  + G9Y i z )(«2 -  G10 Y £)
  for cylinder
n Gs Yi [ r Ju~ + 1 - t  ] z W j
77 x = 2   (7.47)
i=1 (1 + GbY i + G9Y i z ) ( a z - G10 Y j )
  for slab
and
n
T)z = 2 ( t  >/u7 + 1 - t ) z Wi/ Ui (7.48)
i= 1
  for sphere ----
n
7?z =  2  ( t  >/uT + 1 - t ) z W j /  >/u7 (7.49)
i = 1
  for cylinder ----
n
T\z = 2 (r >/u~ + 1 - t ) z Wi (7.50)
i= 1
  for slab ----
In addition to the FQF eq.(7.43), the "half quadrature 
formula" ( HQF ), which is obtained by the analytical 
integration of the denominator and quadrature integration of 
the numerator of eq.(7.39), need also be tested. For HQF 
only the denominator of eq.(7.39) needs to be changed. The 
analytical integration of the denominator of eq.(7.39) is 
the same for these three geometries. Thus replacing 
( Wn+1 + 4z) in eq.(7.43) we have
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Wn + 1 + T)z = 2/(3 r) [ 1 - ( 1 —t )3 ] (7.51)
for all three geometries.
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7.7 The Accuracy of Quadrature Formulae for 
Pellicular Model
In this section the effectiveness factors calculated by 
each FQF and HQF are compared with those calculated by the 
direct integration of eq.(7.39) by Simpson's rule (Carnahan 
et al., 1969). The results are listed in Table 7.2a, 7.2b 
and 7.2c. The values in the parenthesis of Table 7.2a, 7.2b 
and 7.2c are the percentage error of the effectiveness 
factor from each quadrature formula compared with the 
effectiveness factor calculated by Simpson's rule in the 
last row.
It is seen that the error of spherical geometry varies 
from 0 to 4.5%. The HQF of sphere, row 2, gives the error 
even as high as 9.89% error of 77. Thus both are not 
accurate enough to be employed for kinetic parameter 
estimation. Similarly, calculated by cylindrical geometry n 
may have 2.39% error using FQF, and -5.69% error by HQF. 
Obviously the best choice of qudrature formula is row 5 or 
6, the slab geometry.
The highest error of row 5 is -0.209% at 4 = 0.5; for
row 6 this-value is 0.129. Both quadrature formula are
satisfactory for the estimation of kinetic parameters. It is
interesting to note that at r = 1 all quadrature formulae
give the same values as that calculated by Simpson's 
rule.
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Table 7.2a The Effectiveness Factors Calculated by
Different Quadrature Formulae and Simpson's Rule.
Number of collocation pts = 3,
So = 10.0 g/i, P0 = 2.0 g/1, <f> = 2.91,
Hi = 1.0, Hz = 1.0, o< = 0.48, he = 6.75 cm/hr, Ds = 0.02232 cmz/hr,
Dm = 0.0108 cm2/hr, Rz = 0.2 cm, Km = 0.44 g/1, KP = 12.5 g/1,
K2 = 1.872 1/hr, Ym = 10.0 g/1,
Row
No. ...-..:.^ 0. 1 0.3 0.5 0.7 0.9 1.0
1 sphere, FQF 
(terror)
0.9953
(-0.060)
0.9692 
(0.300)
0.9403
(0.556)
0.9197 
(0.481)
0.9093 
(0.165)
0.9072
(0.00)
2 sphere, HQF 
(JJerror)
0.8272 
(-16.94)
0.8418
(-12.88)
0.8561 
(-8.45)
0.8769 
(-4.195)
0.8996 
(-0.903)
0.9072
(0.00)
3 cylinder,FQF 
(terror)
0.9950 
(-0.090)
0.9674 
(0.1138)
0.9373 
(0.2353)
0.9169 
(0.1748)
0.9080
(0.022)
0.9069 
(-0.033)
4 cylinder,HQF 
(terror)
0.8971 
(-9.921)
0.8962 
(-7.25)
0.8935
(-4.45)
0.8982 
(-1.87)
0.9070
(-0.088)
0.9092 
(0.220)
5 slab, FQF 
(%error)
0.9947 
(-0.12)
0.9651 
(-0.124)
0.9335 
(-0.171)
0.9136 
(-0.186)
0.9070
(-0.088)
•0.9072
(0.00)
6 slab, HQF 
(terror)
0.9962 
(0.030)
0.9693 
(0.310)
0.9396
(0.4812)
0.9199
(0.503)
0.9104
(0.286)
0.9072 
(0.00)
7 Simpson's 
rule, avg.
0.9959 0.9663 0.9351 0.9153 0.9078 0.9072
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Table 7.2b The Effectiveness Factors Calculated by
Different Quadrature Formulae and Simpson's Rule.
Number of collocation pts = 6,
S0 = 10.0 g/1, P0 = 2.0 g/1, 4 = 2.91,
Hj = 1.0, Hz = 1.0, a = 0.48, hB = 6.75 cm/hr, Ds = 0.02232 cm2/hr,
DP = 0.0108 cmz/hr, Rz = 0.2 cm, Km = 0.44 g/1, KP = 12.5 g/1,
Kz = 1.872 1/hr, Ym = 10.0 g/1,
Row
No.
T
0. 1 0.3 0.5 0.7 0.9 1 .0
1 sphere, FQF 
(terror)
0.9950 
(-0.09)
0.9671 
(0.114)
0.9369 
(0.27)
0.9168 
(0.24)
0.9083
(0.07)
0.9072
(0.00)
2 sphere, HQF 
(terror)
0.8794 
(-9.89)
0.8945 
(-7.41)
0.8901
(-4.73)
0.8942 
(-2.23)
0.9039
(-0.42)
0.9072
(0.00)
3 cylinder,FQF 
(terror)
0.9949 
(-0.10)
0.9662 
(0.02)
0.9354 
(0.106)
0.9154 
(0.093)
0.9078
(0.014)
0.9071
(-0.005)
4 cylinder,HQF 
(terror)
0.9392 
(-5.69)
0.9258 
(-4.17)
0.9104
(2.56)
0.9045 
(-1.10)
0.9066 
(-0.12)
0.9076 
(0.041)
5 slab, FQF 
(terror)
0.9947 
(-0.12)
0.9651 
(-0.100)
0.9335
(-0.093)
0.9139 
(-0.078)
0.9074 
(0.031)
'0.9072
(0.00)
6 slab, HQF 
(terror)
0.9951 
(-0.07)
0.9663
(0.030)
0.9353 
(0.103)
0.9158 
(0.129)
0.9084
(0.079)
0.9072
(0.00)
7 Simpson' s 
rule, avg.
0.9959 0.9660 0.9344 0.9146 0.9077 0.9072
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Table 7.2c The Effectiveness Factors Calculated by
Different Quadrature Formulae and Simpson's Rule.
Number of collocation pts = 6,
S0 = 0.10 g/1, P0 = 0.01 g/1, 4 = 2.91,
Hi = 1.0, H2 = 1.0, a =0.48, h3 =6.75 cm/hr, De = 0.02232 cmz/hr,
DP = 0.0108 cm2/hr, R2 = 0.2 cm, Km = 0.44 g/1, KP = 12.5 g/1,
K2 = 1.872 1/hr, Ym = 10.0 g/1,
Row
No. 0. 1 0.3 0.5 0.7 0.9 1 .0
1 sphere, FQF 
(terror)
0.8754 
(0.820)
0.5405
(4.50)
0.4100 
(4.51)
0.3609
(2.42)
0.3443 
(0.481)
0.3420
(0.000)
2 sphere, HQF
(terror)
(terror)
0.7895 
(-9.07) 
(-9.07)
0.4999 
(-3.35) 
(-3.35)
0.3895 
(-0.706) 
(-0.706)
0.3520 
(-0.102) 
(-0.102)
0.3427 
(-0.006) 
(-0.006)
0.3420
(0.000)
(0.000)
3 cylinder,FQF 
(%error)
0.8717
(0.396)
0.5296 
(2.39)
0.4015
(2.35)
0.3565 
(1.16)
0.3431 
(0.134)
0.3419 
(0.044)
4 cylinder,HQF 
(terror)
0.8229
(-5.22)
0.5074 
(-1.89)
0.3908
(-0.385)
0.3522 
(-0.051)
0.3427 
(-0.003)
0.3420
(0.000)
5 slab, FQF 
(terror)
0.8671 
(-0.126)
0.5163 
(-0.174)
0.3915
(-0.209)
0.3516 
(-0.207)
0.3423 
(-0.111)
*0.3420
(0.000)
6 slab, HQF 
(terror)
0.8675 
(-0.079)
0.5170
(-0.043)
0.3923 
(-0.013)
0.3524 
(0.003)
0.3427 
(0.000)
0.3420 
(0.000)
7 Simpson's 
rule.avg. of 
3 geometries
0.8682 0.5172 0.3923 0.3524 0.3427 0.3420
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7.8 Determination of Kinetic Parameters
The procedures developed in Chapter Six were employed 
to determine the kinetic parameters of ethanol fermentation 
by pellicular type immobilized yeast cells. The reaction 
rates at different conditions in Table 7.1 were used as the 
input data. In addition, the following information was also 
used for the calculations :
(1 ) The values of Ds and Dp at infinite dilution were 
used instead of the corrected values described in 
Section 6.3.2, since the effectiveness factors at 
higher substrate concentration ( > 20 g/1 ) are 
essentially unity ( to be proven later ).
(2) Assume the partition coefficient of glucose and 
ethanol : Hi = Hz = 1. Although the partition 
coefficient of glucose within " the whole gel ’’ has 
been measured in Section 4.3 and equal to 0.934, it 
is more reasonable to assume them equal to unity 
within the acive layer.
(3) Equation (6.25a) was used as the objective function 
for -the nonlinear minimization algorithm.
(4) The FQF of slab geometry eq.(7.43) was used for the 
evaluation of objective function.
The search results of the parameters for the kinetic 
eg.(7.8) are as follows :
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
16?
Km = 1.128 g/1
KP = 146.8 g/1 
Kz = 1.036 
Ks = 1 .053x10 3 g/1
SSQ = 634.7
The effectiveness factors at different substrate and 
product concentrations are listed in Table 7.3. The 
concentration profiles at selected values of S0 and P0 are 
plotted in Fig.7.8.
For comparison of the kinetic eq.(7.8) with the simpler 
models such as Monod's model, Monod’s model with substrate 
inhibi-tion, and Monod's model with product inhibition, the 
similar procedures to eq.(7.9) to (7.50) were followed to 
find the parameters for each model. The results are listed 
as follows :
Monod's model :
Km = 0.0902 g/1 
K2 = 0.805 
SSQ = 1.597x103 
Monod’s model with product inhibition :
Km = 0.409 g/1 
Kz = 0.906 
KP = 172.0 g/1 
SSQ = 810.0
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Fig. 7.8 The Concentration Profiles of Glucose 
and Ethanol within the Active Layer at 
Selected Values of Sq and Pq .
■0— 0- « S0=1.0 g/1, P0=0.1 g/1, ^=0.507^.
  • S0=3.0 g/1, P0=0.5 g/l9 1 =0.7392.
♦ #- 1 s0 =3.o g/i, p0 =5o.o g/i, q =0.8068.
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Table 7.3 The Effectiveness Factors of Immobilized 
Yeast Cells at Different Glucose and Ethanol 
Concentrations in the Bulk Solution.
Glucose 
Cone. S0
g/1
Ethanol 
Cone. P0
g/1
Fermentation 
Power, Ym
g/l/hr
Effectiveness
Factor
1.0 0. 1 50.0 0.6516«t %» 70.0 0.5689«% 11 90.0 0.5074
3.0 0.5 50.0 0.8606t« 11 70.0 0.7984% i % % 90.0 0.7392
7.0 1.0 50.0 0.9633t« 11 70.0 0.944411 90.0 0.9227
10.0 2.0 50. 0 0.98091< «i 70.0 0.9715% 1 11 90.0 0.9608
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Monod's model with substrate inhibition : 
K„ = 0.211 g/1 
K2 = 0.828 
Ks = 4.144x103 g/1 
SSQ = 1.582x10 3
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7.9 Statistical Analysis of the Kinetic Model
7.9.1 Comparison of Various Kinetic Models
To determine whether the substrate and product 
inhibtion constants , K* and Kp, are significant in the 
kinetic eg.(7.8), the method of test proposed by Williams 
and Kloot (1953) and discussed in detail by Himmelblau 
(1970) was employed. The test was carried out by estimating 
the slope X of the following equation, which passes through 
the origion :
Z = [ V - 1/2 ( 9, + 9Z ) ] = X ( V2 - ) (7.52)
where Vj and tf2 are the estimated values of the reaction
rates by kenetic model 1 and 2, respectively. V is the 
observed value of reaction rates. Then a plot of (V - 1/2 
(V, + 92)) versus (V2 - 9i) should have a slope of
approximately - 1/2 if the hypothesis about Model 1 being 
correct is true. A significant negative X indicates that Vj 
is a better estimated regression equation than 92; hence 
Model 1 is better than Model 2. In contrast, if 92 is the 
correct equation in stead of $i, the slope X in eq.(7.52) 
should be approximately 1/2; i.e., a significant positive 
slope should be found. If X is not significantly different 
from zero, no choice can be made between Vj and V2.
The values of V and for different kinetic models
are listed in Table 7.4 with the following notations
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Table 7.4 The Values of Measured and Estimated 
Reaction Rates for different Kinetic Models.
Expt. 
no.
V
g/l/hr g/l/hr
v2
g/l/hr
^3
g/l/hr
9a
g/l/hr
1 28.05 29.67 30.61 30.34 31 .20
2 33.73 27.96 30.39 29.86 30.27
3 28.54 25.93 30.06 29. 18 29.04
4 39.44 37.67 31 .35 31 .92 34.69
5 32.26 37.67 31 .35 31 .92 34.69
6 32.58 32.04 31 .44 30.41 35. 12
7 38.92 32.04 31 .44 30.41 35. 12
8 37.36 31 . 13 27.93 27.73 31 . 19
9 25.25 24.74 27.91 28.23 24. 12
10 28.71 24.74 27.91 28.23 24. 12
1 1 26.35 24.74 27.91 28.23 24. 12
12 32.95 25.97 27.93 27.77 26.56
13 31 .77 25.97 27.93 27.77 26.56
14 35.23 35.31 32.95 32.36 36.79
15 36.84 35.31 32.95 32.36 36.79
16 42.73 35.31 32.95 32.36 36.79
17 39.90 39.28 32.91 33.41 36.44
18 42.03 39.28 32.91 33.41 36.44
19 22.43 31 .28 32.96 31 .22 36.74
20 28.25 31 .28 32.96 31 .22 36.73
21 42.62 39.66 50.55 50.91 39.71
22 33.74 39.66 50.55 50.91 39.71
23 35.74 39.66 50.55 50.91 39.71
24 28.20 33.21 32.52 32.79 32.68
25 25.66 26.72 32.52 32.81 26.92
26 27.56 26.72 32.52 32.81 26.92
27 27.70 26.72 32.52 32.81 26.92
28 33.38 38.74 34.70 34.46 38.81
29 30.27 39.65 34.70 34.69 38.78
30 60.89 60.96 56.25 56.70 59.71
31 59.91 60.96 56.25 56.70 59.71
32 58.47 60.96 56.25 56.70 59.71
33 70.79 67.97 56.89 57.75 63.04
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introduced :
Model 1
Model 2
Model 3
Model 4
Monod’s model with substrate and product 
inhibition 
r.(S,P) = ---
K 2 Ym S
(Km + S + S2/Ks)(1+P/Kp) 
Monod's model
Kz Ym S
ra(S) =
(Km + S)
Monod’s model with substrate inhibition
K 2 Ym S
r a( S , P )  =
(Km + S + Sz/K s)
Monod's model with product inhibition
K 2 Ym S
ra(S,P) =
(Km + S) (1+P/Kp)
Model 1 was used as the basis for comparison, thus the 
pairs of kinetic models for this comparison are : Model 1 
vs. 2, Model 1 vs. 3, and Model 1 vs. 4, respectively. The 
results of comparison are listed in Table 7.5. From the 
results of Table 7.5, it is seen that the hypothesis that 
Model 1 is better than Model 2 is resonable, since X is 
close to -1/2 and | ^/s(^. ) | > t(0.975;32). The second
column of Table 7.5 shows that model 1 is slightly better 
than model 3. In the last column, the value of X of model 1 
vs. model 4 equals to -0.52833; however, | i\/s(>v ) | =
1.567 which is much less than the value of t(0.975;32). 
Therefore, it does not lead to the conclusion that model 1
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Table 7.5 The Comparison of Different 
Kinetic Models.
Model 1 
vs. 2
Model 1 
vs. 3
Model 1 
vs. 4
-0.5096 -0.3610 -5.2833
Std.
error
0.1449 0.1499 0.3371
R-
square
0.2786 0.1535 0.0713
X
3.516 2.409 1 .567
S(X)
t(0.975 
; 32)
2.042 2.042 2.042
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is any better than model 4 (Himmelblau, 1970; Neter, 1974).
7.9.2 Linearization of the Kinetic Model
Since the kinetic model eq.(7.8) is nonlinear, the 
usual statistical tests which are appropriate in the linear 
model case can not be appropriately employed. Therefore, an 
approximate method of converting the nonlinear model to 
linear one is used in this chapter.
The first step of this approximation method is to 
convert the implicit objective function eq.(6.25a) into an 
explicit form. Since the solution of kinetic parameters has 
been obtained in Section 7.9, the effectiveness factors can 
be calculated at each set of (S0,Po) of the experimental 
data. Dividing the observed reaction rate by and Ym at each 
data point, we obtain the explicit reaction rates, i.e.
Z=r«(S0 ,Po)/(7?
The method of linearization of the model in the region 
about the estimated parameters was described in detail by 
Draper and Smith (1966) and Himmelblau (1970). Introducing 
the following variables :
bi = Kz 
bz = Km 
b3 = K6 
d4 = KP 
Y = r«(S,P)
eq.(7.8) becomes
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b i S
Z = ----------------------------  (7.53)
(b2 + S + Sz/b3)(1 + P/b4)
In eq.(7.53) Z may be expanded in a truncated Taylor 
series about bio. b20. b30, and b40» "the values of 
parameters close to the values of bi, b2, b3, and b4 . 
Equation (7.53) becomes
Z = Z0 + ( 9Z/ 3bi) (bi-bio) + ( 3Z/ 3bz) (b 2 —b2 o)
+ ( 3Z/ 3b3) (b3-b3o) + ( 3Z/ 3b4) (b4-b4 o) (7.54)
where Z0 is evaluated by the following equation :
b J0 S
Z0 = -----------------------------------  (7.55)
(b2 o + S + S2/b3 o)(1 + P/b4 o)
after rearrangement equation (7.54) can be simplified by 
the following equation :
9 = b, XI + b2 X2 + b3 X3 + b4 X4 (7.55)
where
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Y = Z  - Zo + [ < 3Z/ 3 b ! ) b l0 + < 3Z/ 3 b 2 )
+ ( az/ ab3) b 3 o + ( 3Z/ 3 b 4 > b4 o 1 (7.57)
X1 = ( 3Z/ 3 b i )
X 2  =
(b 2 0 + S + S z/ b 3 o )(1 + P / b  4 o ) 
( 3 Z/ 3 b 2 )
o
bio S
X 3  =
(b 2 o + S + S z/ b 3 o ) (1 + P / b 4 o ) 
( 3Z/ 3 b a )
bio S
b 3 o (bZ o + S i- S / b 3 o) (1 + P / b 4 0 )
X 4  = ( 3 Z/ 3 b A )
bi o S P
* 2  2. 
b 4 o ( b 2 0 + S + S  / b 3 o)(1 + P / b 4 o)
(7.58)
(7.59)
(7.60)
(7.61)
The least equation (6.25a) becomes
m 2
F = 2  [ Yi  -  ?!  ]
i=1
(7.62)
The resulting values o£ bj, b2, b3, and b4 obtained 
from the linearized model may be different from those
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obtained from the nonlinear model, due to calculation error. 
For more accurate results, the values bi, b2, b3, and b* 
obtained by eq. (7.62) were in turn used to recalculate t\ by 
the quadrature formula eq.(7.43) and updated the values 2 
by eq.(7.53). The values of (bi0, i=1,4) were set equal to 
((1.0-1.0x10"6)xbi, i =1,4) in each iteration. These 
procedures were repeated until convergence was attained.
The foregoing approach is used a nonlinear search method to 
solve the linear least square problem. The final solutions 
to thus obtained reaction rates Z (eq.(7.53)) at different 
experimental conditions are listed in Table 7.6.
7.9.3 The Approximate Confidence Intervals of the 
Kinetic Model
After the mathematical treatment in the foregoing 
section, eq.(7.56) becomes a multiple dimensional linear 
regression problem. Since the parameters b t, b2 , b3, and b* 
of the nonlinear model were already obtained in Section 7.9, 
which can be used as the starting point for the linearized 
least square search, thus only a few iterations are required 
to attain convergence. The resulting parameters obtained 
from this linear regression are listed as follows :
Km = 0.985 g /1
KP = 170.8 g /1  
K2 = 1.022
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Table 7.6 The Normalized Reaction Rates at per 
Unit Ym and per Unit Effectiveness Factor.
So Po Z
(g/1) (g/1) (g.glucose/l/hr)
4.17 0.421 0.7628
3.53 0.751 0.9352
2.94 1 .053 0.8125
28.36 0.838 1.0112
28.36 0.838 0.8271
264. 1 0.951 0.8343
264. 1 0.951 0.9966
148.6 0.882 1.0765
65.97 50.93 0.7274
65.97 50.93 0.8271
65.97 50.93 0.7591
143.2 31 .06 0.9492
143.2 31 .06 0.9151
198. 1 0.982 0.8605
198. 1 0.982 0.9000
198. 1 0.982 1.0436
47. 12 1 .506 0.9750
47. 12 1 .506 1.0271
358.3 1.416 0.5479
358.3 1.416 0.6901
86.84 73.39 0.6779
86.84 73.39 0.5368
86.84 73.39 0.5686
7.42 1 1 .32 0.7033
7.53 51 .31 0.6368
7.53 51 .31 0.6840
7.53 51 .31 0.6875
148.9 0.544 0.7744
118.8 0.588 0.7021
8. 108 0.967 0.8929
8. 108 0.967 0.8785
8. 108 0.967 0.8574
47.78 1 . 136 1.0017
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K. = 1.218x103 g/1 
SSQ = 0.3814 
R-square = 0.9860
According to Neter (1974), the confidence region of 
each parameter can be expressed by the following equations
(bk - t (1 — a/2;m-p) s(bk) ^ 8k
£ (bk + t(1- oc/2;m-p) s(bk) (7.63)
k = 1, 4
where m is the number of observations, and p is the number 
of parameters. The estimated variance sz(bk) is defined by 
the following equation :
s2(b) = SSE/(m-p). C  (7.64)
. “ I
where Q =  (X'X> (7.65)
and the matrix X  is defined by
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X =
X K S j . P , )  X 2 ( S1, P 1) XSCSa.Px)  X 4 ( S , , P , )  
X 1 ( S2, P 2 ) X 2 ( S2, P2 ) X 3 ( S Z , P 2 ) X 4 ( S2, P 2 )
X1 (Sm, Pm) X2(Sm,Pm) X 3 ( Sm, Pm) X4 (Sm,Pm)
(7.66)
Values of matrix X  an<^  vector Y  are listed in Table 7.7.
In eq(7.65) X ^ s  the transpose of matrix X' The values of
matrix C are listed in Table 7.8. In eq.(7.64) 
m . 2
SSE = 2 (Y; - Yi ) stands for the error sum of squares
i = 1
or the residual sum of squares.
For given values of X1, X2, X3, and X4, denoted Xhi, 
Xh2, Xh3, and Xh«, the mean response of Y is denoted E(Y). 
The confidence intervals for E(Yh) can be expressed by the 
following equation :
(Yh - t(1- a/2;m-p) s(?h) <( E(Y)
^ (?h - t(1 — a/2;m-p) s(Yh) ) (7.67)
A
where s2(Yh) is defined as
s2(?h) = SSE/(m-p) * (Xh ' CXh) ( 7 . 6 8 )
and
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Table 7.7 The Values of XI, X2, X3, X4, and Y in
Eq.(7.56) at the Experimental Data Points.
X1 X2x102 X3x10s X4x104 Y
0.8047 -15.912 0.1864 0.1184 0.6103
0.7767 -17.544 0.1473 0.2034 0.7677
0.7431 -19.318 0. 1125 0.2724 0.6282
0.9406 -3.2041 1 .7360 0.2747 0.1005
0.9406 -3.2041 1.7360 0.2747 0.8214
0.8148 -0.2584 12.140 0.2699 0.9843
0.8148 -0.2584 12.140 0.2699 1.1466
0.8815 -0.5373 7.9918 0.2709 1.1732
0.7206 -1.0443 3.0616 9.9017 0.9236
0.7206 -1.0443 3.0616 9.9017 1.0232
0.7206 -1.0443 3.0616 9.9017 0.9552
0.7525 -0.4777 6.5990 6.9272 1.1432
0.7525 -0.4777 6.5990 6.9272 1.1092
0.8516 -0.3764 9.9477 0.2913 0.9830
0.8516 -0.3764 9.9477 0.2913 1.0224
0.8516 -0.3764 9.9477 0.2913 1.1661
0.9355 -1.9151 2.8649 0.4892 0.9994
0.9355 -1.9151 2.8649 0.4892 1.0515
0.7648 -0.1682 14.549 0.3762 0.7299
0.7648 -0.1682 14.549 0.3762 0.8721
0.6461 -0.7025 3.5685 11.6 i7 0.9130
0.6461 -0.7025 3.5685 11.617 0.7718
0.6461 -0.7025 3.5685 11.617 0.8036
0.8235 -9.9614 0.3694 3.0630 0.6620
0.6764 -8.0751 0.3084 9.3478 0.7207
0.6764 -8.0751 0.3084 9.3478 0.7679
0.6764 -8.0751 0.3084 9.3478 0.7714
0.8830 -0.5369 8.0217 0.1678 0.8697
0.9012 -0.7012 6.6667 0.1850 0.7796
0 . 8814 -9.8498 0.4362 0.2970 0.8063
0 .8814 -9.8498 0.4362 0.2970 0.7919
0 .8814 -9.8498 0.4362 0.2970 0.7708
0.9373 -1.8920 2.9096 0.3706 1.0248
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Table 7.8 The Values of Matrix £
0.345 2.001 -2687.506 -109.316
2.001 18.497 -15539.296 -411.770
c =  -2687.506 -15539.296 28865790.872 588552.700
-109.316 -411.770 588552.700 143950.915
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The calculational results of the confidence intervals 
of the parameters for a = 0.05 and v = 33 - 4 degree of 
freedom are shown as follows :
SSE = 0.3814 
t (0.975;29) = 2.045 
VSSE/(m-p) = 0.1146
J c T T  = 0 .5874 
VC77“ = 4.301 
>/c7T" = 5. 372x 1 03 
VC** = 379.4
Thus
0.8883 0i £ 1 . 164
-0.02369 0z 1 .993
-70.49 £ 03 £ 2.449x103
80.27 £ 0a £ 258.2x103
The following t-test was used to check the significance of 
the parameters bi, bz, b3, and b« :
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t| = | fai/sCbi) | = 15.220 > 2.045
t2 = I faz/s(b2) | = 2.0491 « 2.045
ta = | b3/s(b3) | = 1.9306 « 2.045
t* = | b*/s(b„> | = 3.8902 > 2.045
Since the t values of each parameters are greater than 
or close to the values of t(0.975;29), we may conclude that 
they are significant to the kinetic model.
The confidence intervals for ECY) for a the given 
significance level ex = 0.05 are listed in Table 7.9. A 
good fit of kinetic model to the experimental data is 
observed by the values of the confidence intervals of ECY) 
in Table 7.9.
7.10 Conclusions
The approach developed in chapter Six for the 
estimation of the kinetic parameters of immobilized 
biocatalysts was successfully employed for the kinetic study 
of ethanol fermentation by immobilized yeast cells. The best 
weighting functions for the quadrature integration of 
effectiveness factors of pellicular type of sperical 
biocatalysts are those of slab geometry. The statistical 
analysis of the nonlinear model shows that both the Monod’s 
model with substrate and product inhibition, and the Monod's 
model with product inhibition fit the experimental data. The 
kinetic parameters of these two models are as follows :
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Table 7.9 Continued.
Obsei—  
vation
Observed
Vavle
Predicted
Value
Residual Lower 95% CL 
for Mean
Upper 95% CL 
for Mean
29 0.7796 1.0001 -0.2205 0.9363 1.0639
30 0.8063 0.8151 -0.0089 0.7445 0.8857
31 0.7919 0.8151 -0.0232 0.7445 0.8857
32 0.7708 0.8151 -0.0444 0.7445 0.8857
33 1.0248 0.9836 0.0412 0.8995 1.0677
* : CL = Confidence limit.
1 8 8
Monod’s model with substrate and product inhibition :
Km = 1.197 g/1
KP = 145.2 g/1 
Kz = 1.047 
Ks = 1.025x103 g/1
Monod's model with product inhibition : 
Km = 0.4247 g/1
Kp = 171.0 g/1
Kz = 0.9114
The kinetic parameters for free cells in a continuous 
reactor, used the same strain of yeast, obtained by Aiba and 
Shoda (1969) are Kn,=0.44 g/1 and KP=12.5 g/1, respectively. 
By comparison, the much higher KP value estiamted in this 
work indicates that the ethanol tolerance of immobilized 
yeast cells is much higher than that of free cells. The 
extremely high K» value also implies that substrate 
inhibition is negligible at lower substrate concentrations.
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Chapter Eight Conclusions and Recommendations
Conclusions
The following conclusions were drawn upon the
completion of the research :
(1) After immobilization, the yeast cells formed an active 
layer on and near the surface of the agar gel. The 
thickness of the active layer was nearly constant (about 
0.5mm), independent of the substrate concentrations used 
in incubation.
(2) At least a fraction of the immobilized cells in the 
center core of the beads, behind the active layer, were 
viable although inactive.
(3) After incubation the gel matrix was ruptured by the 
growth of immobilized cells and/or by escape of the 
by-product C02 , thus reducing the internal diffusion 
resistance of the support.
(4) A novel method for strengthening immobilized 
biocatalysts was developed. This method consisted of 
treating agar or carrageenan gel with polyacrylamide to 
form a ri.gid support which retained the high catalytic 
activity of the untreated biocatalysts. The size and shape 
of the gels were unaffected by this treatment.
(5) An intrinsic kinetic parameter estimation method was 
developed for systems having internal and external 
diffusion resistances as well as complex kinetics. The
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•technique employed orthogonal collocation and Powell’s 
nonlinear least square minimization algorithm to obtain 
the best estimates of kinetic parameters based on the 
experimental data. The technique was generally applicable 
to a variety of kinetic equations.
(6) The concentration dependent diffusion coefficient of 
substrate or product was successfully approximated by 
averaging the diffusion coefficient at infinite dilution 
and that in the bulk solution.
(7) The weighting function for slab geometry gave the most 
accurate effectiveness factors for the pellicular 
biocatalyst spheres in quadrature integration.
(8) The parameter estimation technique developed in this 
work was successfully applied to kinetics of ethanol 
fermentation using immobilized yeast cells. Statistical 
tests showed that Monod's model, both with substrate and 
product inhibition, and with product inhibition alone, 
fitted the experimental data.
Recommendations
Recommendations for future work in this field include
the following :
<1) Various commercial streams such as molasses and
biomass hydrolysates should be used as the feed stocks to 
test the effects of organic and inorganic impurities on 
the operational stability and productivity of the
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immobilized yeast cells.
(2) The gel phase polymerization method developed in 
Chapter Five should be employed for the immobilization of 
enzymes and microorganisms other than S. cerevisiae. The 
internal diffusion resistance of the treated gels should 
be measured to determine if the effectiveness factors 
change significantly after the GPP treatment.
(3) In a long ethanol column, the accumulation of C02 in 
the packed bed becomes a serious problem. A large portion 
of the reactor volume is occupied by the C02 and 
eventually the productivity of the reactor is reduced. 
Therefore, different reactor configurations should be 
tested for C02 separation. 2
(4) In Chapter Seven a differential reactor was used in the 
kinetic study of this work. The reaction rates were 
measured by the evolution rates of C02 . For a reaction 
without gas production the measurement of reaction rate in 
a differential reactor becomes inconvenient. For this 
reason the kinetic parameter estimation technique should 
be extended to an integral reactor, in which the variation 
of substrate and product concentrations along the column 
length can be measured in one experiment.
(5) The kinetic model and parameters determined in this work 
should be incorporated into a design procedure for a fixed 
bed reactor.
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NOMENCLATURE
20 1
a : a constant defined by eq.(6.30).
a0, ai : the first coefficient of Jacobi polynomial, and 
coefficients of Jacobi polynomial, respectively 
a 1 : the measured total activity of immobilized cells, 
(g. glucose consumed/hr), in eq.(7.2)
A i j collocation constants for the derivative
bi coefficient in eq.(7.56), = k 2
b z coefficient in eq.(7.56), = Km
b 3 coefficient in eq.(7.56), = Ks
b« coefficient in eq.(7.56), = K P
B i j collocation constants for the Laplacian
C defined by eq.(6.31)
n n defined by eq.(7.32), = 2 D.' H,/r /R2
n n N defined by eq.(7.35), = hE + CC1 An + 1 , n +
K
C 0 ,C0 : value of C in the bulk liquid, and value of C at
the surface of biocatalyst, which is in equillibrium 
with C0, respectively 
Cjj : collocation constants defined by Eq.(6.19) 
di : a constant in eq.(6.57) defined as :
dj = Q2 G5 K3 K4 + Q3 K4 + G7 K4 
d 2 : a constant in eq.(6.57) defined as :
d 2 = Qz + Ge ~ Q3 Hi So — G7 Hi So
d 3 : a constant in eq.(6.57) defined as :
d 3 = Q 3 Hi So
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dp : the diameter of spherical particle, in eq.(7.4)
D : diffusion coefficient
DS,DP,D0 : diffusion coefficients of substrate, product, an 
at infinite dilution, respectively 
Dj : a constant defined by eq.(6 .2 0 )
Ds'.Dp' : corrected diffusion coefficients of substrate and 
product, respectively 
Dr : the ratio, DS ’/DP'
EP : catalytic activity of immobilized enzymes or cells, in 
(U/cm ) or (g. cells/liter)
F : objective function for nonlinear least square algorithm 
defined by eq.(6.25a) or eq.(6.25b)
F(u) : Largrange interpolation polynomial defined by
eq.(6.13)
g : gravitational accerleration (981 cm/sec2)
Gi : a constant, = Hx S0/Km
Gz '• ,, ,, ,, = HzPo /K p
G 3 : ,, ,, ,, = G , 2 Km/Ks
G 4 . ,, ,, ,, Kz Hi S0
Gs : ,, ,, ,, = Kz Hz Po
G 6 : , . ,, ,, = Kj Hi S0
G 7 : ,, ,, ,, = K3 Hz Po
G 8 : defined by eq.(7.24), = H x S 0/Km
G 9 : defined by eq.(7.25), = Hi S 0/K«/Km
G 10 : defined by eq.(7.26), = a3 Hi S 0
G 11 : defined by eq.(7.38),
= (K/yt + So + Soz/K5 ).(1 + P0/Kp )/S0
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hP : external mass transfer coefficient of product
hs : external mass transfer coefficient of substrate
H.Hi : partiton coefficients of substrate 
Hz : partition coefficient of product
Kz : maximum reaction rate constant of enzymes, defined by 
eq.(6.26), (6.29), or rate constant of microbial 
cells
kd : external mass transfer coefficient, inf-cm/sec
i
Kj : rate constant defined by eq.(6.52)
Kz : ,, ,, .. ., ,, , , ,, and (7.8)
K3 : ,,
K 4 • , ,
Ks : substrate inhibition constant
Kj : general expression of kinetic parameters 
Km : Michaelis-Menten constant of immobilized enzymes, or 
rate constant of immobilized cells 
Kp : product inhibition constant 
Kr : the ratio, Km/KP 
m : no. of experimental points
n : no. of collocation points, or the degree of Jacobi
polynomial
P : no. of kinetic parameters
P0 : concentration of product in bulk liquid 
m
P0 • concentration of product at the surface of 
biocatalysts
pn(u) : n-th degree Jacobi polynomial defined by eg.(6.9) 
P„ (u) : the normalized Jacobi polynomial of degree n
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PHI : a constant., = 9  4>z K2/Hi So. in eq.(6.58); a constant 
defined by eq.(7.33), = 9 
Qi : a constant, = Dr G a Kr 
Q 2 : a constant, = G* a D,- 
Q 3 : a constant, = K 3 a Dr Hi S0 
r : the radial distance of spherical biocatalyst 
R : the radius of spherical biocatalyst 
Ri : the radius of the inner surface of active layer 
Rz : the radius of gel bead
Re.ts : Reynold's number at Uts. in eq.(7.6) 
m _ _
R-square : = EZCYi-Yj)2 / (Yj-Yi)2 
i= 1
rafS,r) : reaction rate equation defined by eq.(1) 
s(bk) : estimated standard error of bk 
s(X) : estimated error of X 
Sh : Sherwood number, = 2 kd R/D 
S : concentration of substrate
S0 : concentration of substrate in bulk liquid 
*
So : concentration of substrate at the surface of
biocatalyst in equillibrium with S0
m
SSE : the sum of squares cf errors, = S (Yi-Yj)2
i= 1
SSQ : the sum of squares
t(1- a / 2 ;m-p) : the (1-a/2)100 percentile of the t
distribution with m-p degree of freedom 
u : a variable defined by eq.(6), = x2 
Uj : collocation points at u coordinate
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2 0 5
U :international unit of enzymes; slip velocity in eq.(7.4)
% *
U1 : defined by eq.(7.34), = 2  + 4 (u;) /((uj + ( 1 - t ) / t  )
Ut : corrected terminal velocity
Uts : terminal velocity calculated from Stoke's law, in 
eq.(7.5)
V : observed reaction rate, in eq.(7.52)
V ! : estimated values of reaction rate of kinetic model 1
V2 : estimated values of reaction rate of kinetic model 2
VCaic : calculated reaction rate 
V0bs : observed reation rate 
Vpred : predicted reaction rate
W(u) : weighting function defined by eq.(6.23), (7.40), 
(7.41), and (7.42), respectively 
Wj : quadrature weights at collocation point x 4 or ui 
x : dimensionless radial distance of spherical biocatalyst 
defined by eq.(6.5), = r/R; and defined by eq.(7.20), 
= (r-R,)/(R2-R!)
Xj : collocation points at x coordinate 
Xj : defined by eq.(7.58)
X 2 : defined by eq.(7.59)
X3 : defined by eq.(7.60)
X<, : defined by eq.(7.61)
Y : dimensionless substrate concentration
Yi : ordinates at collocation points; dependent variable 
defined by eq.(7.62)
Yj : estimated value of Y 4
m
Z : variable defined in eq.(6.36) = (1 + 2 a S0 Y ); 
variable defined by eq.(7.52), and (7.53)
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2 : estimated value of Z
Zi : values of Z at collocation points x» or Uj
Greek Letters
a : product yield, (g. product formed/g. substrate
consumed); statistical level of significance in eq.(7.63)
ai : defined by eq.(7.16), = a H2 DB ’/T)P
az '• defined by eq.(7.18), = 1 + H2 P0/Kp + a! S0/Kp
a3 : defined by eq.(7.19), = a 1/’KP /Hj
/So : dimensionless constant = S0/Km
h___________________________________ ____________
4 : modified Thiele modulus for sphere, = R/3 J K Z EP/D Km
r) : effectiveness factor defined by eq.(6.21)
T)o : defined by eg. (6.60), and (7.44), respectively
T) j : defined by eg.(6.61), (7.45), (7.46), and (7.47),
respectively
tj2 : defined by eq.(6.62), (7.48), (7.49), and (7.50), 
respectively 
T)3 : defined by eq.(6.63)
X : the slope of eq.(7.52)
n : viscosity, poise
v : maximum specific productivity of immobilized cells;
degree of freedom 
P : density of fluid 
Pc : density of particle
t : dimensionless constant defined by eg.(7.21),
= ( R2 -  R i ) / R 2
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APPENDIX A-1 Estimation of the Concentrations of 
Glucose at the Surface of Gel Beads
The significance of film diffusion resistance on the 
measurement of diffusion coefficient of glucose within the 
gel beads in a rotary shaker described in Section 4.2 may 
be studied by the following procedures.
The mass balance of the diffusant around the gel bead 
can be expressed by the following equation, assuming that 
the partition coefficient of glucose within the bead is 
unity:
( C0 - Cs ) = D (3C/3r) (A.1)
r=R
where C0 is the concentration of glucose in the bulk liquid 
and Cs is the concentration of glucose at the surface of gel 
beads. Both C0 and CB are the fuctions of time.
According to Crank (1967) the concentration 
distribution of glucose within the bead may be expressed by 
the following equation :
00 6 (1 + oc) EXPC -D qn2 t/R2 )
C = Coo { 1 + 2  ----------------------------------------------------------------
n=1 9 + 9a + qn2a2
R Sin(qn r/R)
. -- =--   } (A.2)
r Sin(qn)
where Coo is the final uniform concentration of glucose
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within the bead .
The purpose of these calculations is to evaluate the 
quantity (C0 “ CB) in eq.CA.I) at different diffusion time. 
If these values are small the film diffusion resistance is 
negligible. From eq.CA.I) the value of (C0 ~ Cs) can be 
obtained by differentiating eq.(A.2) vs. the radial 
direction of the gel bead, and set r=R. Thus,
3C
3r
= Cco 2 
n= 1
r=R
6(1+«) EXP C-Dqn 2t/R2) 
9 + 9 a + qn2a2
1
[  +
R
Cos qn 
Sin qn
(A.3)
However, eq.(A.3) converges very slowly so that a number of 
terms within the summation sign on the right hand side of 
eq.(A.3) need to be expanded. To avoid this difficulty, 
eq.(A.2) is prefered to be used for the calculation. The 
concentration profile of glucose, which is very close to the 
surface of the gel bead is calculated by eq.(A.2) first, 
then the slope of this profile is evaluated at the surface 
of the bead. This value is equal to (3C/3r), at r = R in 
eq.(A.1).
Typical Example :
For the case of 7.88 mm 4 bead, the following
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data are given :
D = 6 . 2 x  10~6 cm2/sec 
kd = 1.196 x 10“3 cm/sec
(calculated by the procedures of Section 7.5.1)
V = 0.2857 ml/bead. q? = 22.10125
R = 0.394 cm. qs = 25.22938
Co = 30 g/1. qs = 28.36041
K = 0.913 <3 1 0 = 31.49354
a = 1.2214 qi i = 34.62815
qi z = 37.76390
<3i = 3.657665 qi a = 40.90051
qz = 6.620997 q i <> = 44.03793
qs = 9.667456 qis = 47.17581
q« = 12.75386 q>6 = 50.31417
qs = 15.86014 qi? = 53.45292
q& = 18.97745 q 1 8 - 56.59197
where V is the volume of liquid per bead; qj to q 1B are the 
roots of eq.(4.2).
The following relations also required :
Mco = V C0/(1 + a)
Coo = 3 Moo /(47rR3)
The results of (Co“C e )/C0 calculated at different 
diffusion time are listed in Table A. 1 .
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Table A. 1 The Values of (C0~ C s ’)/C0 at Different 
Diffusion Time.
t , min
0. 167 
0.50 
1 .00 
2.00
3.00
4.00
5.00
6.00 
1 0 . 0 0
14.00
20.00
(C0-Cs )/Co
0.1517
0.0895
0.0597
0.0382
0.0291
0.0230
0.0194
0.0167
0.0100
0.0076
0.0051
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From the data in Table A.1, it is seen that the 
concentration of glucose at the surface of the gel bead is 
essentially the same as that in the bulk liquid after 1 min. 
of diffusion.
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APPENDIX A-2 Collocation Methods
Introduction
According to Villadsen and Stewart (1967), the 
principles of collocation have been used for more than fifty 
years but mainly for solving integral equations. Frazer, 
Jones and Skan (1937) were the first to apply the principles 
of collocation to differential equations, and Lanczos (1956) 
also applied the principles of collocation to differential 
equation independently. The basic procedure for applying 
them to differential equations can be summarized as follows.
Collocation method consists of expanding the normalized 
dependent variable in the differential equation in terms of 
a trial function of n-th order polynomial which contains n 
unknown coefficients. The coefficients can be easily solved 
by substituting the trial function and its derivatives in 
the differential equation to form a residual which is set 
equal to zero at n collocation points. The n zeros of 
this polynomial are chosen as the n colloction points.
Method of Weighted Residue (MWR) and Collocation
Since the detail of collocation method and weighted 
residuals (MWR) has been discussed by Villadsen and 
Michelsen (1978), and Finlayson (1981), only the outlines of 
this method for solving an ordinary differential equation 
are presented in this appendix.
Suppose the differential equation to be solved is given 
by eq.(A.6)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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(A.6)
In accordance with the method of weighted residuals, the 
exact solution Y to the differential equation is 
approximated by a trial function composed of a linear 
combination of function Pi(x) with the unknown coefficients 
a, :
n
Y = 2 a s pi(x) (A.7)
i= 1
where
i j-i
P i ( x ) = 2 b j X  (A.8)
J=1
where bj are given coefficients. The expansion functions 
Pi(x) are usually composed of a power series of polynomial 
in the indepenent variable x. Substituting the trial 
function eq.(A.7) into the differential equation yields the 
residual which is a function of the unknown coefficients a, 
only
R = R(as,x) , i = 1.......n (A.9)
The coefficients are determined by minimizing the 
integral of the residual with respect to a certain chosen 
weight function Wj(x) over the volume of the domain of 
interest
Jv Wi(x) R(ai,x) dv = minimum, i = 1,..., n (A.10)
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Various choices of these weight functions correspond to 
different techniques of weight residuals. The choice of 
these weight function, however, becomes less significant as 
the number of expansion terms increase.
If the weight function is chosen such that the residaul 
is zero at some selected points over the domain of interestn 
the collocation method results :
Rj(aj,xj) - 0 , j - 1,2,..., n (A.11)
Orthogonal Collocation
Orthogonal Collocation is the collocation method using 
a orthogonal polynomial as the trial function. In orthogonal 
collocation, the expansions are composed of orthogonal 
polynomials with roots at the collocation points. The most 
distinct feature of this method over the other MWR is that 
the residual is expressed in terms of the solution at the 
collocation points rather than the unknown coefficients.
According to Villadsen (1978), the Lagrange 
interpolation formula furnishes the most accurate and 
convenient strategy to formulate the discretization matrix- 
whcih refer to matrices whose elements in the k-th row 
combined with the solution at the collocation points 
represents the derivative at the k-th collocation point. 
Basically, the Lagrange interpolation formula essentially
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interpolates the values at the collocation points form the 
solution at other collocation points.
The interpolation polynomial Pn_2(x) is defined as
n+1
Pn-z (x) = - x(1-x) P„(x) = II Cx - x s) (A.12)
i=0
where x» =0, Xj, x2, ....., xn are roots of an
orthogonnal polynomial Pn(x), normalized so that the 
leading coefficient is 1, and xn+i =1.
The Lagrange interpolation formula FiCx) is expressed 
by the following equation :
P n + 1 ( X )
F j C x ) = -------------------(A.13)
( 1 )
Cx - Xj) Pn+1Cx)
where Pn+1(x) = ( x - X i ) ( x - x 2 ) . . . . ( x - x n + i ) is a polynomial 
of degree n+1 with leading coefficient 1.
Then the dependent variable Y of the differential 
equation can be expressed by the following equation :
n+1
YCx) = 2 Fj(x) Y(xj) (A.14)
i=0
Differentiating eq.(A.14) k-th times, yields
(k) n+1 (k)
Y (x) = 2 Fj(x) Yj (A.15)
j=0
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Equation CA.15) shows that the right hand side is a linear 
combination of the solutions at the collocation points.
The values of Fd(x) can be obtained from the following 
equations (Villadsen, 1978) :
For Xj = Xj
(2 )
( H  1 Pn+1(Xi)
Fj(x ,)  --------------------------------  (A,16)
(2)
F j(x i) = -------------------------------- (A.17)
For Xj * Xj
2 ( 1 )
Pn+l (Xj )
(3)
1 P n + i ( X j )
3 ( 1 )
P„+ 1 (Xi )
(2)
1 P n + l (Xj )( 1 )
F (x ) = -------------------------------- (A.18)
X j - Xj ( 1 )
P n+1(Xi)
(2)
(2) 1 Pn+1(Xj) (1)
Fj (x j) = ---------  [   - 2 Fi(Xj) ] (A.19)
xj - Xj (1)
Pn+1 (x,)
All the coefficients Fi(xj), and Fi(Xj), i = 1, 2,
n+1 and j = 1, 2..... n+1 may thus be calculated from
Pn+i(Xj), Pn+ j(xj), and Pn+i(Xj), j 1, 2, n+1
From eg.(A.15) to (A.19) The vector of derivatives of 
the following equation :
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(1) dY
Y = [ (— )
dY 
(— ) 
dx x=x2
dY 
(— ) 
dX X = X n
( A . 2 0 )
dx x=Xj
may be expressed by
dY/dx = AY (A.21)
where
C 1 )
Ajj = F j(Xj ) and similarly
a2 Y /dx2 = 0 y (A.22)
where
(2 )
Bj i = FiCxj)
At the collocation points, the residual function 
eq.CA.9) becomes the following n simultaneous algebraic 
equation :
Values of Y 4 can be solved from eq.(A.23) and substitute 
back in eq.(A.14) to obtain the solution of Y as a 
function of x at any point.
Orthogonal Polynomial
In eg.(A.7) the orthogonal polynomial may be the type of 
Jacobi, Legendre, or Chebycheff, in which Jacobi polynomial
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is found as the most efficient one (Villadsen, 1978). The 
important features of orthigonal polynomial are shown in 
this section. The Jacobi family possesses the following 
orthogonal relationship :
1 (a,8) (a,8) 0, i^ ? j
Jo W ( u ) P i ( u ) P j ( u ) d u  = {  (A.24)
Ci , i = j
where W(u) is the weight function for Jacobi polynomial 
with the following expression :
H(u) = (1 - uf (A. 25)
in which a , and 8 are greater than -1. The polynomial 
Pj(u) is automatically fixed when the weight function is 
given. P t (u) and Pj (u) are the Jacobi polynomial with
degree i and j respectively.
A Jacobi polynomial of degree N can be expressed by 
the following equation :
(a,8) n n-i i
Pn (u) = 2 (-1) r, u (A.26)
i=0
where the coefficient rt can be expressed by the following 
recurrence formula :
N - i  + 1 N + i +  a + 8
ri = ------------------;    r i _ i (A. 27)
i i +■ p
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with r0 = 1, and i = 1,2,...., n (A-Z8)
For n = 3 and a = 3 = 0, eq.(A.26) immediately gives 
(0,0)
P3 = 20 u - 30 u + 12 u (A.29)
For the convenience of computer calculation eq.(A.26) 
and (A.27) may also expressed by the following equation :
Pn = (u - gn(n,«,3)) Pn-i ~ h„(n,o,3) Pn-z (A.30)
and
+1 1 <xz — Bz
gi = --------- gn = -( 1 ------------------ ) (A.31)
a+/S+2 , 2 (2n+cc+/S-1 )2— 1
for n > 1
hi = 0 (A.32)
(cc+1) (3+1 )
h2 = -----------------  (A.33)
(a+/3+2)z (a+3+3)
(n—1 ) (n+a— 1 ) (n+j8-1 ) (n+a+jS— 1 )
hn =     for n > 2 (A.34)
(2n+a+3~ 1 ) (2n+a+/8—2) (.2n+a+3—3) ,
The recurrsive evaluation of Pn (u) is started with n = 1, 
(ci.fi)
P-iCu) arbitrary, and P0 (u) = 1.
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Quadrature Integration Formulae
In orthogonal collocation the integration can be 
conveniently and accurately performed by a numerical 
quadrature formula. The quadrature formulae were classified 
into the following three different kinds by Villasen (1978).
(1) Gauss-Jacobi quadrature
The Gauss-Jacobi quadrature formula can integrate any 
polynomial Y(x) up to 2n-1 degree by the following 
equation :
1 a 8 n
Jo (1 -  x) (x) Y(x) 2  Wi Y (xj) (A.35)
i=1
The integration can be obtained exactly by summing the 
product of quadrature weight Wj and the function value 
Y(Xi) evaluated at the collocation point Xj. In eq.(A.35) 
the values of W t can be calculated by the following equation
(a ,8)
( 2 n + a + 8 +  1) Cn
Wi = ------------------------------------------------------------- ( A . 36)
( 1 ) 2  
Xi (1 “ Xj) ( Pn (Xj) )
where
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Cn = Jo Pn (X)(1 - x) x dx
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(A.37)
(2) Radau Quadrature Formula
In eq.(A.35) the end points, Y(0) and y(1), are not
required to be known. If either one of the end points is
given, the quadrature integration can be obtained more
accurately by using Radau formula. In this case the interior
(oi+l, p)
quadrature points should be chosen as P , if Y(x=1) is
(oi.js+Q
given, or P , if Y(x=0) is given. Radau formula can
integrate a polynomial of degree up to 2n exactly by the 
following equation :
1 cx 3 n
Jo (1 - x) x Y(x) dx = Wn+,Y(1) + 2 WiYj
i= 1
or n
= Wn + j Y (0) + 2 W i Y j (A.38)
i= 1
The Radau quadrature weights in eq.(A.38) are calculated by 
the following equations :
Include xn+i = 1> but not x0 = 0 :
(a+1,3)
(2 n + a + 3 + 2) Cn 1, i^n+l
Wi = --------------------------  { (A.39)
(1) 2 1/(a+l), i=n+1
Xi [ P„ +1 (Xj) ]
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Include x0 = 0, but not xn+i = 1 :
C«,jS+1)
(2n + a + iS + 2) Cn 1/(fc>+1 ) > i=0
Wi =   { ( A . 40)
(1) 2 1 , i * 0
(1-Xi ) [ Pn+i (Xi ) ]
(3) Lobatto Formula
I
If Y(x=0) and Y(x=1) are given one can use Lobatto 
formula to integrate a 2n+1 degree polynomial exactly. In 
this case the optimal choice for the quadrature points
(oi + l j ji +0
should be taken from the roots of P
1 a £ n+1
Jo Cl - x) x Y (x ) dx = W !Y (0) + 2 W jY i + Wn+2Y(1)
i= 1
(A.41 )
The quadrature weights in eq.CA.41) can be evaluated by the 
following equation :
Wi =
(2 n + a + 3 + 3) Cr
( 1 ) 2 
[ Pn + z CXi ) ]
1/(e+1), i=0 
1 , i 0, n+1
1/(a+1), i=n+1
CA.42 )
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APPENDIX A-3 The Diffusion Rate of CO2  Gas in
a 4N NaCl Solution
The diffusion rate of C02 gas in a still liquid can be 
expressed by the following differential equation :
3C/3t = D 32C/3xz (A.43)
with the following initial and boundary conditions :
C<t=0,x) = 0 (A.44)
and
C(t,x=0) = C0 (A.45)
where C is the concentration of C02 in the liquid; D is 
the diffusion coefficient of C02 in the liquid; t is the 
diffuion time; and x is the coordinate distance in the 
direction from the surface of the liquid to the bottom of 
the liquid.
The solution of eq.(A.43) has been obtained by Crank 
(1967), which can be expressed by the following equation :
C x
  = erfc -----------  (A.46)
Co V4 D t
where erfc(x/s/4Dt) is a complementary error function with
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the argument (x/V4Dt) The concentration of C02 in the 
liquid can be calculated as a fucntion of x and t by 
eq.(A.43).
Typical Example
Value of D for COA in the 4N NaCl solution 
= 1.92 x 10~5 cmz/sec 
For the diffusion time of 1 hr we obtain the following 
results :
x(cm) x/V4Dt C/C0
0.0 0.0 1.0
0.5 0.9506 0.18
1.0 1.9101 0.0072
2.0 3.802 0.0000
From the variation of C/C0 vs. x in the above Table, 
it is obvious that the amount of C02 gas absorbed by the 4N 
NaCl solution is negligible for the contact time as short as 
20 min. (Section 3.4.2).
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APPENDIX B-1
SUBROUTINE JCOBI
EVALUATION OF ROOTS AND DERIVATIVES OF JACOBI POLYNOMIALS 
AT THE COLLOCATION POINTS
ND : THE DIMENSION OF VECTORS FA, FB, FC, AND ROOT.
N : NUMBER OF INTERIOR COLLOCATION POINTS.
NO : DECIDES WHETHER X=0 IS INCLUDED AS A COLLOCATION 
POINT. NO=1 (INCLUDING X=0) OR N0=0 (EXCLUDING X=0).
N1 : AS FOR NO, BUT FOR THE POINT X=1.
AL = ALPHA
BE = BETA
ROOT : ZEROS OF JACOBI POLYNOMIALS.
FA FB FC : THE THIRD DERIVATIVES OF JACOBI POLYNOMIALS.
SUBROUTINE JCOBI(ND,N ,NO,N 1,AL,BE,FA,FB,FC,ROOT) 
IMPLICIT REAL*8(A-H,O-Z)
DIMENSION FA(ND),FB(ND),FC(ND),ROOT(ND)
AB=AL+BE
AD=BE-AL
AP=BE*AL
FA(1)=(AD/(AB+2.)+1.)/2.
FB(1)=0.
IF (N .LT. 2) GO TO 15 
DO 10 I = 2,N 
Z1 =1 - 1 
Z = AB + 2.*Z1
FA(I)=(AB*AD/Z/(Z+2.) + 1.)/2.
IF(I .NE. 2) GO TO 11
FB(I)=(AB + AP + Z1)/Z/Z/(Z+1.)
GO TO 10 
1 1 Z=Z*Z
Y=Z1 *( AB + Z 1)
Y=Y*(AP+Y)
FB(I)=Y/Z/(Z-1.)
10 CONTINUE
ROOT DETERMINATION BY NEWTON METRHOD WITH SUPPRESION
OF PREVIOUSLY DETERMINED ROOTS
15 X=0.
DO 20 1=1,N 
25 XD=0.
XN= 1 .
XD1=0.
XN1=0.
DO 30 J=1,N
XP=(FA(J )-X)*XN-FB(J)*XD
XP1=(FA(J)-X)*XN1-FB(J)*XD1-XN
XD=XN
XD1=XN1
XN=XP
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30 XN1=XP1 
ZC=1 .
Z=XN/XN1
IF(I .EQ. 1 ) GO TO 21 
DO 22 J = 2, I 
22 ZC=ZC—Z/(X-ROOT(J-1))
21 Z=Z/ZC
x=x—z
IF ( DABSCZ) .GT. 1.D-09 ) GO TO 25 
ROOT(I)=X 
X=X + .0001 
20 CONTINUE
 ADD EVENTUAL INTERPOLATION POINTS AT X=0 OR X=1
NT=N+NO+N1
IF(NO .EQ. 0) GO TO 35 
DO 31 1=1 ,N 
J = N + 1 - I 
31 ROOT (J-r 1 ) =ROOT (J )
ROOT(1)=0.
35 IF(N 1 .EQ. 1) ROOT(NT) = 1.
 NOW EVALUATE DERIVATIVES OF POLYNOMIAL
DO 40 1=1,NT 
X=ROOT(I)
FA(I)=1.
FB(I)=0.
FC(I)=0.
DO 40 J=1,NT
IF (J .EQ. I) GO TO 40
Y=X - ROOT(J )
FC(I) = FC(I) * Y + 3. * FB(I)
FB(I) = Y * FB(I) + 2. * FA(I)
FAC I) = Y * FAC I)
40 CONTINUE
RETURN 
END
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C APPENDIX B-2
C
C SUBROUTINE DFOPR
C SUBROUTINE DFOPR FOR CALCULATING THE DIFFERENTIAL WEIGHTS 
C A(I ,J ), B (I,J), AND GAUSSIAN QUADRATURE WEIGHTS 
C THE DEFINITION OF ND,N ,NO,N 1,FA,FB,FC, AND ROOT ARE THE 
C SAME AS THOSE IN SUBROUTINE JCOBI 
C
C I : THE INDEX OF THE COLLOCATION POINTS FOR WHICH ACI.J)
C OR B(I.J) ARE TO BE CALCULATED
C ID : INDICATOR. ID=1 GIVES A(I,J), ID=2 GIVES B(I.J), AND 
C ID=3 GIVES THE GAUSSIAN WEIGHTS.
C
C VEC : THE VECTOR OF WEIGHTS.
C
C
SUBROUTINE DFOPR(ND,N ,NO,N 1,I,ID,FA,FB,FC,ROOT,VECT) 
IMPLICIT REAL#8(A-H,O-Z)
DIMENSION FA(ND),FB(ND),FC<ND),ROOT(ND).VECTCND)
NT=N+NO+N1
IF(ID-3) 1,10,10
1 DO 20 J=1,NT
IF (J-I) 21,2,21
2 IF(ID-1) 5,4,5
4 VECT(I)=FB(I)/FA(I)/2.
GO TO 20
5 VECT(I)=FC(I)/FA(I)/3.
GO TO 20
21 Y=ROOT(I)-ROOT(J )
VECT(J )=FA(I)/FA(J)/Y 
IF (ID-2) 20,22,20
22 VECT(J)=VECT(J )*(FB(I)/FA(I)-2./Y)
20 CONTINUE
GO TO 50 
10 Y=0.
IF (ID-4) 31,30,31 
31 DO 25 J=1,NT
X=ROOT(J )
AX=X*(1.-X)
IF (NO) 26,27,26
27 AX=AX/X/X
26 IF(N1) 28,29,28
29 AX=AX/(1.-X)/(1.-X)
28 VECT(J )=AX/FA(J )/FA(J)
25 Y=Y+VECT(J)
GO TO 60 
30 DO 35 J=1,NT
X=ROOT(J)
IF (NO) 36,37,36
37 AX=1./X
36 IF(N1) 38,39,38
39 AX=1 . / ( 1 .-X)
38 VECT(J)=AX/FA(J)/FA(J)
35 Y=Y+VECT(J)
60 DO 61 J=1,NT
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61 VECT(J )=VECT(J)/Y
50 RETURN 
END
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APPENDIX B-3
SUBROUTINE GAUSL 
GAUSS DIRECT ELIMINATION METHOD
ND,N : AS IN JCOBI.
NT = N + NO + N1
A
C
X
THE COEFFICIENT MATRIX.
THE VECTOR OF THE RIGHT HAND SIDE OF EQUATIONS. 
THE SOLUTION OF DEPENDENT VARIABLES.
SUBROUTINE GAUSL(ND,N ,NT,A,C ,X)
IMPLICIT REAL*8(A-H, O-Z)
DIMENSION A(ND.ND),C(ND),X(ND)
 GAUSS DIRECT ELIMINATION METHOD
IF(N .EQ. 1) GO TO 41
N 1 = N - 1
DO 7 K = 1 , N 1
K1 = K + 1
L = K
C
DO 2 I = K1, N
IF (DABS(A(I,K)) - DABS(A(L,K))) 2, 2, 1
1 L = I
2 CONTINUE
IF ( L-K ) 3, 5, 3
C....
3 DO 4 J = K, N
TEMP = ACK.J)
A (K , J ) = A(L,J )
4 ACL,J) = TEMP
TEMP = C(K)
C(K) = CCL)
C(L) = TEMP
C. . .
5 DO 7 I = K1, N
F = ACI.K)/ A(K,K)
DO 6 J = K 1, N
6 AC I, J) = A (I, J ) - F * ACK.J)
7 CCI) = CCI) - F * CCK)
C. .
41 XCN) = CCN) / ACN.N)
IF(N .EQ. 1) GO TO 10 
I = N 1
8 II = I + 1 
SUM =0 .0
DO 9 J = 11, N
9 SUM = SUM + AC I,J) * XCJ)
XCI) = ( CCI) - SUM ) / AC I,I)
1  =  1 - 1
IF Cl - 1) 10, 8, 8
10 RETURN 
END
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APPENDIX B-4
SUBROUTINE RADAU 
EVALUATION OF QUADRATURE WEIGHTS
ND,N,N0,N1,AL,BE,FA : AS IN JCOBI £ DFOPR
V : QUADRATURE WEIGHTS
SUBROUTINE RADAU(ND,N ,NO,N 1,ID,AL,BE,ROD,FA,V) 
IMPLICIT REAL#8(A-H.O-Z)
DIMENSION ROD(ND),FA(ND),V(ND)
S=0.
NT=N+NO+N1 
DO 40 1=1,NT 
X=ROD(I)
IF (ID-2) 10,20,30
ID = 1 GIVES RADAU QUADRATURE WITH X = 1 
ID = 2 GIVES RADAU QUDRATURE WITH X = 0
ID=3 GIVES LOBATTO
10 AX=X
IF (NO) 1 1 , 11,40
11 AX=1./AX
GO TO 40
20 AX=1.-X
IF (N 1) 21.21,40
21 AX=1./AX
GO TO 40
30 AX= 1 .
40 V(I)=AX/FA(I)**2
IF (ID-2) 41,42,41
41 V(NT)=V(NT)/(1.+AL)
42 IF (ID-2) 43,44,44
44 V(1)=V(1)/(1.+BE)
43 DO 50 1=1,NT
50 S=S+V(I)
DO 60 1=1,NT
60 V(I)=V(I)/S
RETURN
END
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C APPENDIX B-5
C
C SUBOUTINE SSQMIN
C
C POWELL'S ALGORITHM
C
SUBROUTINE SSQMIN (M , N , F ,X ,E ,ESCALE,IPRINT,MAXFUN,
S FF,FF1,NI,NO,Y,YYY)
C
IMPLICIT REAL*8 (A-H, O-Z)
DIMENSION F(M), X(N), E(N), YC33.4), YYY(M), FF1CM) 
COMMON W C500)
LOGICAL STOP, MAXCAL, CONTIN, FIRST
C
WRITE (NO,012) N, M, MAXFUN, ESCALE
012 FORMAT (//,2X,1OHPARAMETERS,//,2X,4HN = ,I2,4X,4HM = , 
£ I3.4X, 9HMAXFUN = ,15,4X,9HESCALE = .D10.4)
WRITE (NO,013)
013 FORMAT (/,2X,15HINITIAL GUESSES )
WRITE (NO,031) (I, X(I), I = 1, N )
WRITE (NO,018)
018 FORMAT (/,2X,21HACCURACY OF VARIABLES )
WRITE (NO,023) (I, E(I), I = 1, N )
023 FORMAT (/,3(2X,2HE(,12,4H) = .D16.8))
C
C INITIALIZE 
C
STOP = .FALSE.
MAXCAL = .FALSE.
IPP = IPRINT * (IPRINT - 1)
ITC = 0 
IPC = 0
MPLUSN = M + N 
KST = N i- MPLUSN 
NPLUS = N + 1
KINV = NPLUS * (MPLUSN + 1)
KSTORE = KINV - MPLUSN - 1 
NN = N + N 
K = NN
C
C INITIAL FUNCTION EVALUATION
C ............................................ .....
CALL OBJ 1 (M,N,F,FF1,X,Y,YYY)
C .................................................
MC = 1 
FF = 0.0D0 
DO 1 I = 1, M 
K = K + 1 
W(K) = F(I)
FF = FF + F(I)«F(I)
1 CONTINUE
FOLD = FF 
100 FIRST = .TRUE.
K = KST 
I = 1
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2 XDUMMY = X(I)
ISMALL = 0
DUMMY = DABS(X (I)* 1.D-6) + ECI) 
5 X(I) = X(I) + DUMMY
CALL OBJ 1 (M,N,F,FF1,X,Y,YYY)
MC = MC + 1 
X(I) = XDUMMY 
DO 3 J = 1 , N 
K = K + 1 
W(K ) = 0.DO 
W(J) = 0.DO
3 CONTINUE 
SUM = 0.DO 
KK = NN
DO 4 J = 1, M 
KK = KK + 1
FPLUS-FBEST
FCJ) = F (J ) - W(KK)
SUM = SUM + F(J)*F(J)
4 CONTINUE
IF (SUM .GT. FF*1.D-12) GO TO 6
WRITE (NO,007) I
7 FORMAT (5X,3HTHE , 13,58H-TH COMPONENT OF THE INITIAL 
S STEP WAS TOO S MALL DOUBLE IT)
DUMMY = 2.0*DUMMY
ISMALL = ISMALL + 1 
K = K - N
IF (ISMALL .LT. 15) GO TO 5
ITC "0..
K = NN
DO 8 I = 1 , M 
K = K + 1 
F (I) = W(K)
8 CONTINUE 
GO TO 10
SUM IS USED TO NORMALIZE G(I,K) AND D(I,J)
6 SUM = 1.0D0 / DSQRT(SUM)
ISMALL = 0 
J = K - N + I
W(J) IS D (I,I) NOTE D(I,J ) = 0.0 J NOT EQUAL TO I
W(J) = DUMMY * SUM 
DO 9 J = 1, M
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K = K + 1
W(K ) IS G(I.K) IN THE COORDINATE DIRECTIONS
W (K ) = FCJ) * SUM 
KK = NN + J 
DO 11 II = 1. I 
KK = KK + MPLUSN
WCII) IS G*GT(I,II)
WCII) = WCII) + WCKK)*W(K)
11 CONTINUE 
9 CONTINUE
ILESS = 1 - 1  
IGAMAX = N + I - 1 
INCINV = N - ILESS 
INCINP = INCINV + 1 
IF (ILESS .GT. 0) GO TO 14
WCKINV) = 1.0D0 
GO TO 15 
14 B = 1.DO
DO 16 J = NPLUS,IGAMAX 
WCJ) = 0.DO 
16 CONTINUE 
KK = KINV
DO 17 II = 1, ILESS 
IIP = II + N
WCIIP) = WCIIP) + WCKK)#W(II) 
JL = II + 1
IF (JL .GT. ILESS) GO TO 19 
DO 20 JJ = JL,ILESS 
KK = KK + 1 
JJP = JJ + N
WCIIP) = WCIIP) + WCKK)#W(JJ) 
WCJJP) = WCJJP) + WCKK)*W(II) 
20 CONTINUE
19 B = B - W(II)«W(IIP)
KK = KK + INCINP 
17 CONTINUE
B = 1.DO / B 
KK = KINV
DO 21 II = NPLUS, IGAMAX 
BB = - B#W(II)
DO 22 JJ = II, IGAMAX
WCKK) = WCKK) - BB*W(JJ) 
KK = KK + 1
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22 CONTINUE
C
WCKK) = BB 
KK = KK + INCINV 
21 CONTINUE
C
C WCKK) IS G-KI.I) WHICH EQUALS AO-1 
WCKK) = B 
15 IF C .NOT. FIRST) GO TO 27 
1  =  1 + 1
IF Cl .LE. N) GO TO 2
C
C 0-TH ITERATION INITIALIZATION 
C
FIRST = .FALSE.
ISAME = 0 
FF = 0.DO 
KL = NN 
DO 26 I = 1 , M 
KL = KL + 1 
F CI) = WCKL)
FF = FF + F(I)#F(I)
26 CONTINUE 
CONTIN = .TRUE.
27 IPC = IPC - IPRINT
IF CIPC .GE. 0) GO TO 29
C
C ITERATION PRINTOUT 
C
28 WRITE CNO,030) ITC, MC, FF
30 FORMAT (//,2X,9HITERATI0N,13,4X,33HNUMBER OF FUNCTION 
£ EVALUATIONS = ,14,//,2X,21HSUM-OF-THE-SOUARES = ,
£ D 16.8,//,2X, 12HC0EFFICIENTS)
WRITE CNO,031) Cl, XCI), I = 1, N)
31 FORMAT (/.3C2X.2HXC,I2,4H) = .D16.8))
WRITE CNO.032)
32 FORMAT (/,2X,15HFUNCTI0N VALUES )
WRITE (NO,035) CJ, FCJ), J = 1, M)
C 35 FORMAT (/,3 C2X,2HF(,12,4H) = .D16.8))
35 FORMAT (/,5 C2X,2HF C,12,4H) = ,D11.3))
IPC = IPP
IF (STOP) GO TO 33
C
C CONVERGENCE TESTS 
C
CHANGE = 0.0D0
29 IF (CHANGE .NE. 0.0D0) ISAME = 0 
ISAME = ISAME + 1
IF (ISAME .LE. N) GO TO 291 
IF (IPRINT .LE. 0) GO TO 33 
WRITE (NO,295)
295 FORMAT C//,5X,28HN+1 VALUES OF F ARE THE SAME)
IF (FF .GE. FOLD) GO TO 10 
FOLD = FF 
K = NN
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DO 293 I = 1,M 
K = K + 1 
W (K ) = F (I)
293 CONTINUE 
GO TO 100 
291 IF (CONTIN) GO TO 34
IF (CHANGE .GT. 1.0D0) GO TO 36
C
WRITE (6,111) CHANGE 
111 FORMAT (/,3X, ' * * CHANGE 1 ** = ’.D12.5)
C
10 IF (IPRINT .LE. 0) GO TO 33 
TERMINAL PRINTOUT 
WRITE (NO,038)
38 FORMAT (//,5X,46HSSQMIN FINAL VALUES OF FUNCTIONS AND 
£ VARIABLES)
STOP = .TRUE.
GO TO 28
33 RETURN
36 CONTIN = .TRUE.
START NEXT ITERATION
34 ITC = ITC + 1 
K = N 
KK = KST
CALCULATION OF P
DO 39 I = 1 ,N
K = K + 1
W (K ) = 0. DO 
KK = KK + N 
W(I) = 0.DO 
DO 40 J = 1,M
KK = KK + 1
W(I) IS THE SUM OF G(I,K)*F(K) WHICH IS -P(I)
W(I) = W(I) + W(KK)*F(J)
40 CONTINUE
39 CONTINUE 
DM = 0.DO 
K = KINV
CALCULATION OF Q
DO 4 1 1 1 = 1 ,N 
IIP = II + N
W(IIP) = W(IIP) + W(K)*W(II)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
nn
 
n
n
n
n
 
n
n
n
 
n
n
236
JL = II + 1
IF (JL .GT. N) GO TO 43 
DO 44 JJ = JL ,N 
JJP = JJ + N 
K = K + 1
W(IIP) = WCIIP) + W(K)*W(JJ)
WCJJP) = W(JJP) + W (K) **W (11)
44 CONTINUE 
K  =  K  +  1
43 IF (DM .GE. DABSCW(II)*W(IIP)>) GO TO 41 
DM = DABS(W(II)*W(IIP))
KL = II 
41 CONTINUE
II = N + MPLUSN#KL 
CHANGE = 0.DO 
CHANGE = 0.D0 
DO 46 I = 1,N 
JL = N + I 
U(I) = 0.DO 
DO 47 J = NPLUS,NN 
JL - JL + MPLUSN
W(I) OS THE SUM OF (-Q(J)*D(J ,I) J = 1,N WHICH IS -STEP(
W(I) = W(I) + WCJ)*WCJL)
47 CONTINUE
II = II + 1
W(II) = WCJL) 
W (JL) = X(I)
IF (DABS(E(I)*CHANGE) .GT. DABSCW(I))) GO TO 46 
CHANGE = DABS(W (I)/E(I))
46 CONTINUE
DO 49 I = 1,11 
II = II + 1 
JL = JL + 1
W(II) = WCJL)
WCJL)'= F (I)
49 CONTINUE 
FC = FF
ACC = 0.1 DO/CHANGE 
IT = 3 
XC = 0.DO 
XL = 0.DO 
IS = 3
XSTEP = - DMIN1(0.5D0,ESCALE/CHANGE)
IF (CHANGE .LE. 1.0D0) CONTIN = .FALSE.
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LINEAR SEARCH
51 CALL LINMIN (IT,XC,FC,300,ACC,0.1 DO,XSTEP,Y)
IF (IT .NE. 1) CO TO 53 
MC = MC + 1
IF (MC .LE. MAXFUN) GO TO 54 
WRITE (NO,056) MAXFUN
56 FORMAT (5X.I6.16H CALLS OF CALFUN)
MAXCAL = .TRUE.
GO TO 53 
54 XL = XC -XL 
DO 57 J = 1,N 
X(J) = X(J) + XL*W(J)
57 CONTINUE 
XL = XC
CALL OBJ 1 (M.N.F,FF1,X,Y,YYY)
FC = 0.DO
DO 58 J = 1, M
FC = FC + F(J)*F(J)
58 CONTINUE
IF (IS .NE. 3) GO TO 59 
K = N
DETERMINATION OF SECOND BEST POINT
IF (FC-FF) 61,51,62
61 IS = 2 
FMIN = FC 
FSEC = FF 
GO TO 63
62 IS = 1 
FMIN = FF 
FSEC = FC 
GO TO 63
59 IF (FC .GE. FSEC) GO TO 51 
K = KSTORE
IF (IS .EQ. 2) GO TO 74 
K = N
74 IF (FC-FMIN) 65, 51, 66
66 FSEC = FC 
GO TO 63
65 IS = 3 - IS 
FSEC = FMIN 
FMIN = FC
63 DO 67 J = 1,N 
K = K + 1
W (K ) = X(J)
67 CONTINUE
DO 68 J = 1,M 
K = K + 1 
W(K) = F(J)
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68 CONTINUE 
GO TO 51 
53 K = KSTORE 
KK = N
IF (IS .NE. 2) GO TO 69 
K = N
KK = KSTORE 
69 SUM = 0.D0 
DM = 0.DO 
JJ = KSTORE 
DO 71 J = 1 , N 
K = K + 1 
KK = KK + 1 
JJ = JJ + 1
XBEST INTO X
XBEST-XSECOND INTO DCN.J)
X(J) = WCK)
WCJJ) = WCK) - WCKK)
71 CONTINUE
DO 72 J = 1,M 
K = K + 1 
KK = KK + 1 
JJ = JJ + 1
FBEST INTO F
FBEST-FSECOND INTO FCN.K)
FCJ) = WCK)
WCJJ) = WCK) - WCKK)
SUM = SUM + W(JJ)*WCJJ)
DM = DM + F(J)wWCJJ)
72 CONTINUE
IF (MAXCAL) GO TO 10 
J = KINV
KK = NPLUS - KL 
DO 76 I = 1,KL 
K = J + KL - I
J = K + KK
INTERCHANGE KL AND N ROWS OF G-1
WCI) = WCK)
WCK) = W(J-1)
76 CONTINUE
IF (KL .GE. N) GO TO 78 
KL = KL + 1 
JJ = K
DO 79 I = KL,N 
K = K + 1
J = J + NPLUS - I
WCI) = WCK)
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W(K) = WCJ-1)
79 CONTINUE
WCJJ) = WCK)
B = 1.DO/WCKL-1) 
W C KL-1) = WCN)
GO TO 88 
78 B = 1.DO/WCN)
88 K = KINV
DO 80 I = 1, ILESS 
BB = B*WCI)
DO 81 J = I, ILESS
WCK) IS G-1CI.J) WHICH IS A 1- 1=B1-B2*B4-1*B3
WCK) = WCK) - BB*W(J)
K = K + 1
81 CONTINUE 
K = K + 1
80 CONTINUE
IF CFMIN .LT. FF) GO TO 82 
CHANGE = 0.0D0 
GO TO 84
82 FF = FMIN
CNANGE = DABS C XC)*CHANGE
84 XL = - DM/FMIN
SUM = 1.ODO/DSORTCSUM + DM*XL)
K = KSTORE 
DO 85 I = 1,N 
K = K + 1
WCK) IS DCN.J) THE STEP TAKEN PROPERLY NORMALIZED
WCK) = SUM*W(K )
WCI) = 0.DO
85 CONTINUE
DO 86 I = 1,M 
K = K + 1
WCK) = SUM* CWCK) + XL*FCD) 
KK = NN + 1 
DO 87 J = 1,N 
KK = KK + MPLUSN
WCJ) = WCJ) + W(KK)*W(K) 
87 CONTINUE 
86 CONTINUE 
GO TO 14
C
END
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APPENDIX B-6
SUBROUTINE LINMIN
LINEAR SEARCH FOR A MINIMUN
SUBROUTINE LINMIN(ITEST,X ,F ,MAXFUN,ABSACC,RELACC,XSTEP 
£ Y)
IMPLICIT REAL*8(A-H, O-Z)
DIMENSION Y (33,4)
GO TO (1,2,2).ITEST
2 IS = 6 - ITEST 
ITEST = 1 
IINC = 1
XINC = XSTEP + XSTEP 
MC = IS - 3 
IF (MC) 4, 4, 15
3 MC = MC + 1
IF (MAXFUN .GE. MC) GO TO 15 
ITEST = 4 
43 X = DB 
F = FB
IF (FB .LE. FC) GO TO 15 
X = DC 
F = FC 
15 RETURN
1 GO TO (5,6,7,8),IS 
8 IS = 3
4 DC = X 
FC = F
X = X + XSTEP 
GO TO 3 
7 IF (FC-F) 9, 10, 11 
10 X = X +XINC
XINC = XINC + XINC
GO TO 3
9 DB = X
FB = F
XINC = -
GO TO 13
1 1 DB = DC
FB = FC
DC = X
FC = F
13 X == DC +
IS = 2
GO TO 3
6 DA = DB
DB = DC
FA = FB
FB = FC
32 DC = X
FC = F
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GO TO 14 
5 IF (FB .LT. FC) GO TO 16 
IF (F .GE. FB) GO TO 32 
FA = FB 
DA = DB 
19 FB = F 
DB = X 
GO TO 14 
16 IF (FA .LE. FC) GO TO 21 
XINC = FA 
FA = FC 
FC = XINC 
XINC = DA 
DA = DC 
DC = XINC 
21 XINC = DC
IF ((D-DB)*(D-DC) .LT. O.ODO) GO TO 32 
IF (F .GE. FA) GO TO 24 
FC = FB 
DC = DB 
GO TO 19 
24 FA = F 
DA = X
14 IF (FB .GT. FC) GO TO 29 
IINC = 2 
XINC = DC
IF (FB .EQ. FC) GO TO 45 
29 D = (FA-FB)/(DA-DB)-(FA-FC)/(DA-DC)
IF (D#(DB-DC) .LT. O.ODO) GO TO 33 
D = 0.5«(DB+DC-(FB-FC)/D)
IF ((DABS(D-X) .GT. DABS(ABSACC)) .AND. (DABS(D-X) 
$ DABS(D*RELACC))) GO TO 36 
ITEST = 2 
GO TO 43 
36 IS = 1 
X = D
IF ((DA-DC)*(DC-D)) 3,26,38
38 IS = 2
GO TO (39,40), IINC 
33 IS = 2
GO TO (41,42), IINC
39 IF (DABS(XINC) .GE. DABS(DC-D)) GO TO 3
41 X = DC 
GO TO 10
40 IF (DABS(XINC-X) .GT. DABS(X-DC)) GO TO 3
42 X = 0.5DO#(XINC + DC)
IF ((XINC-X)*(X-DC) .GT. O.ODO) GO TO 3 
GO TO 26 
45 X = 0.5D0 * (DB+DC)
IF ((DB-X)*(X-DC) .GT. O.ODO) GO TO 3 
26 ITEST = 3 
GO TO 43
END
.GT
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APPENDIX B-7
SUBROUITNE 0BJ1 
PARAMETER ESTIMATION FOR 
MICHAELIS-MENTEN KINETICS
SUBROUTINE OBJ1 (M,N,F,X,Y)
N IS THE NUMBER OF KINETIC PARAMETERS 
M IS THE NUMBER OF EXPERIMENTAL POINTS 
ROD IS COLLOCATION POINTS
IMPLICIT REAL*8CA-H, 0-Z)
COMMON / BLOCK 1 / CO, VOBS, EP
DIMENSION F(M),X(N).ROD(3),WT(4),V1(4,4),V2(4,4),
£ C0<13),VOBS(13), EP(13),Y(13,4),DELY(13,4),DTAY(4),
S DIF1C4), DIF2C4), DIF3C4), R00TC4), XINTPC4),
£ BMAT(4,4), B(4,4), AC4,4),C(4)
COMMON W(100)
INPUT DATA
######################################################### 
«««** THIS IS A PROGRAM FOR TESTING ** GAUSL **
*** OTHOGONAL COLLOCATION (USE QUADRATURE INTEGRATION) 
»«• THIS PROGRAM IS ALSO GOOD FOR ONE POINT COLLOCATION 
OTHOGONAL COLLOCATION PROGRAM FOR NONLINEAR BOUNDARY 
VALUE PROBLEM
4#(D**2)Y/(DU)*«2 + 6*DY/DU = 9*THM**2*Y/(1+BTA0*Y)
B.C. Y = 1. AT U = 1.
15 FORMAT(//,' CONVERGENCE IN ITERATION NO.’,14,’ WITH
£ RESIDUAL = ’, DIO.1 )
50 FORMAT(//,; EFFECTIVENESS FACTOR = ’,F15.9,/,’*******
INPUT DATA
DATA ROOT/O.131854D0,0.458481 DO,0.809564D0,1.OODO /
DATA VI / -0.568810D01, -0.988549D0, 0.347706D0,
£ -0.536364D0, 0.947615D01, -0.163548D1, -0.207868D1,
£ 0.266278D1,-0.626180D01, 0.390517D1, -0.926424D0,
£-0.103764D2, 0.247375D01, -0.128114D1, 0.265740D1,
£ 0.825000D1 /
C
DATA V2 / 0.194B27D02, 0.928472D1, -0.167037D1,
£ -0.761435D1, -0.497960D02,-0.182218D2, 0.156964D2,
£ 0.340996D2, 0.527562D02, 0.947910D1, -0.370109D2,
£ -0.622353D2, -0.224429D02, -0.541975D0, 0.229849D2,
£ 0.357500D2 /
C
DATA WT/O.137034D0,0.377695D0,0.401937D0,0.083333D0/
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DEFF = 6.6667D-6 
R = 0.047D0 
X C1) = DABS(X (1))
X (2) = DABS(X(2))
C UNIT OF R, CM
C UNIT OF DEFF, CM**2/MIN
C
L = 3
C L IS NO OF COLLOCATION POINTS .
NT = L + 1 \
SET UP LAPLACIAN MATRIX 
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$ 
DO 1000 K = 1, M
BTAO = CO(K)/X(1)
THM = (R/3.D0) * DSORT( X(2)*EP(K)/DEFF/X(1) )
DO 10 I = 1,NT 
DO 11 J = 1.NT 
11 BMAT(I.J) = 4.*ROOT(I)*V2(I,J) + 6.*V1(I,J)
91 FORMAT(3X,3D 16.4,/,3D 16.4,/)
10 CONTINUE
INTO = 0 
30 DO 25 1=1 ,L
B (I,NT)= BMAT(I,NT)*Y (K ,NT)- 9.*THM**2*Y(K,I) 
£ /(1.+BTA0*Y(K,I))
DO 26 J = 1 , L 
B (I,J) = BMAT(I, J )
26 B (I,NT) = B(I,NT) + BMAT(I,J) * VK.J)
25 B (I,I) = B (I,I) - 9.*THM**2 ✓(1.tBTA0*Y(K,I)) 
S /(1.+BTA0*Y(K,I))
DO 60 I = 1, L 
C(I) = - B (I,NT)
C.
DO 60 J = 1, L 
A (I,J) = B(I,J)
60 CONTINUE
C
CALL GAUSL(4,L ,NT,A ,C ,DTAY)
C
DO 70 I = 1, L 
70 DELY(K.I) = DTAY(I)
RES =0.0 
DO 28 I = 1, L 
RES=RES + C(I)**2 
Y(K,I) = Y (K ,I) + DELY(K.I) 
28 CONTINUE
C
INTO = INTO + 1
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IF (INTO .GT. 10) GO TO 36 
IF (RES .GT. 1.D-16) GO TO 30
36 ETA 1 =0.0
DO 300 1 = 1 , 3
ETA 1= ETA 1+ Y(K,I)*WT(I)/(1.+ BTA0*Y(K,I) )
300 CONTINUE
ETA2 =0.0 
DO 400 1 = 1 , 3  
ETA2 = ETA2 + UTCI)
400 CONTINUE
ETA = ( 1.+ BTAO )*( WT(4)/(1.+ BTAO) + ETA1)
S / (WT(4) + ETA2)
C
FF = ETA * X(2)*C0(K)*EP(K)/(C0(K)+X(1)) - VOBS(K)
C
F(K) = FF / VOBS(K)
C
1000 CONTINUE
C
RETURN
END
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APPENDIX B-8
SUBROUTINE 0BJ2 
PARAMETER ESTIMATION FOR 
MICHAELIS-MENTEN KINETICS WITH SUBSTRATE AND 
PRODUCT INHIBITION 
SUBROUTINE 0BJ2 (M,N,F,X,Y)
N IS THE NUMBER OF KINETIC PARAMETERS 
M IS THE NUMBER OF EXPERIMENTAL POINTS 
X(N) ARE THE KINETIC PARAMETERS 
ROD IS COLLOCATION POINTS
IMPLICIT REAL*8(A-H, O-Z)
COMMON / BLOCK 1 / CO, PO, VOBS
DIMENSION F(M),X(N),R0D(3),WT<4),V1C4,4),V2(4,4),
£ C0(18),P0(18),VOBS(18),Y(18,4),DELY(18,4),DTAY(4)
DIMENSION DIF 1(4),DIF2(4),DIF3(4),R00T(4)
DIMENSION XINTP(4),BMAT(4,4),B(4,4)
DIMENSION A (4,4),C(4)
COMMON W (200)
######################################################### 
***** THIS IS A PROGRAM FOR TESTING ** GAUSL ** 
4*(D#*2)Y/(DU)*#2 + 6 * DY/DU
= 9*THM*#2*Y/(1+G1 *Y+G3*Y#Y)/(1+G2+Q1-Q1*Y)
B.C. Y = 1. AT U = 1.
AND WITH THE RELATION :
P = YEL*DS/DP*(HI*S0 - S) + H2*P0
15 FORMAT(//,’ CONVERGENCE IN ITERATION NO.’,14,’ WITH 
£ RESIDUAL =', D10.1 )
50 FORMAT(//,' EFFECTIVENESS FACTOR =',F 15.9,/,’********
5*************************************************’ ,/)
INPUT DATA
DATA ROOT/O.131854D0,0.458481 DO,0.809564D0,1.00D0/ 
DATA V1 / -0.568810D01, -C.9SS549D0, 0.347706D0,
£ -0.536364D0, 0.947615D0 1, -0.163548D1, -0.207868D1,
£ 0.266278D1,-0.626180D01, 0.390517D1, -0.926424D0,
£ -0.103764D2, 0.247375D01, -0.128114D1, 0.265740D1,
£ 0.825000D1 /
DATA V2 / 0.194827D02, 0.928472D1, -0.167037D1,
£ -0.761435D1, -0.497960D02, -0.182218D2, 0.156964D2, 
£ 0.340996D2, 0.527562D02, 0.947910D1, -0.370109D2,
£ -0.622353D2, -0.224429D02, -0.541975D0, 0.229849D2, 
£ 0.357500D2 /
DATA WT/0.137034D0,0.377695D0,0.401937D0,0.083333D0/
INPUT DATA :::::
DS AND DP IN : CM**2 / HR
R2 IS THE OUTSIDE DIAMETER OF GEL IN : CM
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C HI AND H2 ARE PARTITION COEFF. OF GLUCOSE AND ETHANOL
C X(1) AND X(2) ARE KS AND KP, IN : G / L
C X(3) IS VM*(YM)
C X (4) IS KI IN : G / L
C
X C1) = DABS(X(1))
X(2) = DABS(X(2))
X(3) = DABS(X(3))
X (4) = DABS(X (4))
R = 0.2 
HI = 1.00 
H2 = 1.00 
DS = 0.02232 
DP = 0.0108 
YEL =0.48
THM = (R/3.) «« DSQRTC X(3)/DS/X(1: )
PHI = 9.*THM#THM 
XR = X(1) / X (2)
DR = DS/DP
C
C
L = 3 
NT = L + 1
C
DO 1000 K = 1, 18
C
G 1 = H1*C0(K)/X(1)
G2 = H2#P0(K )/X(2)
G3 = G1*G1*X(1)/X(4)
Q 1 = DR*G1*XR#YEL
C
DO 10 I = 1,NT
DO 11 J = 1,NT
11 BMAT(I,J) = 4*R00T(I)*V2(I,J ) + 6.*V1(I,J)
10 CONTINUE 
INTO = 0 
30 DO 25 1=1 ,L
B(I,NT)= BMAT(I,NT)*Y(K,NT)- PHI*Y(K,I)
£ ✓ (1.+G1*Y<K,I)+G3«Y(K,I)*Y(K»I) )
£ / (1.+G2+Q1-Q1 *Y (K ,I))
DO 26 J = 1, L
BCI.J) = BMAT(I,J)
26 B(I,NT) = B(I,NT) + BMAT(I.J) * Y^K.J)
25 B(I,I)= B (I,I)- PHI/(1.+G1*Y(K,I)+G3*Y(K,I)«Y(K,I))
£ / (1.+G2+Q1-Q1*Y(K,I) )
£ + PHI*Y(K,I)*( G 1+2.*G3*Y(K,I) )
£ /(1.+G1«Y(K,I)+G3«Y(K,I)*Y(K,I))
£ / (1.+G1*Y(K,I)+G3*Y(K,I)*Y(K,I) )
£ / ( 1 .-I-G2+Q1-Q1 *Y(K,I) )
£ - PHI*Q1*Y(K,I)/(1.+G1*Y(K,I)+G3*Y(K,I)«Y(K,I))
£ / (1.+G2+D1-Q1*Y(K,I> ) / (1.+G2+Q1-Q1«Y(K,I) )
C
C
DO 60 I = 1, L 
C(I) = - B (I,NT)
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60
C
7 0
2 8
C
3 6
3 6
3 0 0
4 0 0
1000
C
DO 60 J = 1, L 
A(I,J) = B(I,J)
CONTINUE
CALL GAUSL(4,L ,NT,A ,C ,DTAY)
DO 70 I = 1, L 
DELYCK.I) = DTAY(I)
RES =0.0
DO 28 I = 1, L
RES=RES + C(I)**2
Y (K ,I) = Y(K,I) + DELYCK.I)
CONTINUE
INTO = INTO + 1 
IF (INTO .GT. 10) GO TO 36 
IF (RES .GT. 1.D-16) GO TO 30 
WRITEC6,15) INTO,RES
EVALUATE EFFECTIVENESS FACTOR BY INTEGRATION
ETA 1 =0.0
DO 300 I = 1, L
ETA 1 = ETA 1 + G 1*Y(K ,I)#WT(I)
/ (1.+G1*Y(K,I)+G3*Y(K,I)*Y(K,I))
/ (1.+G2+Q1-Q1*Y(K ,I))
CONTINUE 
ETA2 =0.0 
DO 400 I = 1, L 
ETA2 = ETA2 + WT(I)
CONTINUE
ETA = (1.+ H1/G1+C0(K)/X(4) )*(1.+ G2/H2)* ( 
/(1.+G1+G3)
/ (1.+G2) + ETA 1 ) / ( WT(NT) + ETA2 )
S = COCK)
P = POCK)
FF = ETA * X(3) *S / CXCD+ S + S*S/X(4>) /
; ( 1.+ P/XC2) ) - VOBSCK)
FCK) = FF / VOBSCK) 
CONTINUE
RETURN
END
G1*WT(NT)
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C  A P P E N D I X  B - 9
C
C  M A I N  P R O G R A M  C O L L O C 1
C  O R T H O G O N A L  C O L L O C A T I O N  F O R  P E L L I U L A R  B I O C A T A L Y S T  :
C  M O N O D ' S  K I N E T I C S  W I T H  S U B S T R A T E  A N D  P R O D U C T  I N H I B I T I O N  
C
C  4 * ( D * * 2 ) Y / ( D U ) * * 2  +  ( 2  +  4 * U # * 0 . 5 / ( U * # 0 . 5 + ( 1 - T A U ) / T A U ) )*
C  D Y / D U  =  9 * T H M * # 2 * T A U * * 2 * Y / ( 1+ G 8 * Y + G 9 * Y * * 2 )
C  / ( A F A 2  -  G 1 0 # Y )
C  B . C .  2 * D S * H 1 * T A U * R 2 * U * * 0 . 5 * ( D Y / D U )  =
C  H S * ( 1 - Y )  C  A N D  W I T H  T H E  R E L A T I O N  :
C  P  =  H 2  * ( P O  +  A F A * D S / D P *  ( S O  -  S / H D )
C
I M P L I C I T  R E A L * 8 ( A - H ,  0 - 2 )
D I M E N S I O N  D I F  1 ( 1 5 ) , D I F 2 ( 1 5 ) , D I F 3 ( 1 5 ) , R O O T ( 1 5 ) , V 1 ( 1 5 ) ,
£  V 2 ( 1 5 ) , X I N T P ( 1 5 ) , Y ( 1 5 ) , B M A T ( 1 5 , 1 5 ) , B ( 1 5 , 1 5 ) , A ( 1 5 , 1 5 ) ,  
£  C ( 1 5 ) , D E L Y ( 15)
D I M E N S I O N  X V C 5 1 0 ) , Y V ( 5 1 0 ) , Z V ( 5 1 0 ) , F U N C ( 5 1 0 )
D I M E N S I O N  W 1 ( 1 5 , 1 5 ) , W 2 ( 1 5 . 1 5 )
C
1 F O R M A T ( 2 1 5 , 5 F 1 0 . 5 )
3  F O R M A T ( 1 H 1,' G E O M E T R Y : 0 = P L A N A R , 1 = C Y L I N D E R ,2 = S P H E R E ’ , 
£ / / , '  N U M B E R  $ 0 F  C O L L O C A T I O N  P O I N T S  = ’ , 1 5 , / , '  G E O M E T R Y  
S F A C T O R  = ' , 1 5 , / , ’ V A L U E  O F  T H I E L E  M O D U L U S  = ’ , F 1 0 . 5 , / / ,  
S '  S U B S T R A T E  C O N C . S O  = * , F 1 0 . 5 , / V  ’ P R O D U C T  C O N C .  P 0 = ’ , 
£ F 1 0 . 5 , / / , '  D I M E M S I O N L E S S  T H I C K .  T A U  =  F 1 0 . 5 , / / , '
£  F E R M E N T A T I O N  P O W E R ,  Y M  =  ', F 1 0 . 5 , / / ,
£ ' I N T E R P O L A T I O N  P O I N T S  I N  X * « 2  : ’ , /  )
6  F O R M A T ( 3 ( D 2 0 . 1 2 ) )
1 5  F O R M A T ( / / , ’ C O N V E R G E N C E  I N  I T E R A T I O N  N O . ' , 1 4 , '  W I T H  
£  R E S I D U A L  = ’ , D 1 0 . 1 , / / , ’ S O L U T I O N  A T  C O L L O C A T I O I N  
£  P O I N T S  ' , / )  1 9  F O R M A T ( / / , '  S O L U T I O N  A T  F I X E D  G R I D
£  P O I N T S ' , / / , ’ X  Y  2  ’ , /  )
1 7  F O R M A T ( F 7 . 3 , 2 F 1 9 . 9 )
5 0  F O R M A T ( / / , '  E F F E C T .  F A C T O R  ( R A D A U , S P H E R E )  = ' , F 1 5 . 9 , / ,
£  6 0 ( ' * ' ) , /  )
5 1  F O R M A T ( / / , '  E F F E C T .  F A C T O R  ( H A L F  R A D A U ,  S P H E R E )  = ’ ,
£  F 1 5 . 9 , / , 6 0 ( ' * ’ ) , /  )
5 2  F O R M A T ( / , '  E F F E C T .  F A C T O R  ( S I M P S O N )  = ' , F 1 5 . 9 , / ,
£  6 0 ( ’ * ’ ) , /  )
5 3  F O R M A T ( / / , '  E F F E C T .  F A C T O R  ( R A D A U , S L A B )  = ' , F 1 5 . 9 ,
£  / , 6 0 ( ' * ’ ) , /  )
5 4  F O R M A T ( / / , ’ E F F E C T .  F A C T O R  ( H A L F  R A D A U ,  S L A B )  = ' ,
£  F 1 5 .  9 ,  / ,  6 0  ( ' • * ' ) , /  )
C
2 0 0  R E A D ( 5 , 1 )  N , I S , S 0 , P 0 ,V O B S ,Y M , T A U
C
C  N  I S  N U M B E R  O F  C O L L O C A T I O N  P O I N T S
C  F O R  P L A N E  S H E E T  I S = 0 ,  F O R  C Y L I N D E R  I S = 1 , F O R  S P H E R E  I S = 2  
C  T H M  I S  T H I E L E  M O D U L U S
C  B T A O  =  T H E  D I M E N S I O N L E S S  S U B S T R A T E  C O N C .
C
I F  ( N .  E Q .  0 )  G O  T O  1 0 0
C
C  I N P U T  D A T A
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C  D S  A N D  D P  I N  : C M * * 2  /  H R
C  A F A  I S  T H E  Y I E L D  E X .  : ( G. E T H A N O L  /  G .  G L U C O S E )
C  K S ,  K P ,  A N D  K I  I N  : G M  /  L
C  K 2  I S  V M #  C Y M ), I N  1 /  H R
C  Y M  I S  F E R M E N T A T I O N  P O W E R  
H I  =  1 . 0 0
H 2  =  1 . 0 0
R 2  =  0 . 2
D S  =  0 . 0 2 2 3 2
D P  =  0 . 0 4 6 0 8
A F A  =  0 . 4 8
,, ,  T H E  I N P U T  D A T A  Y M ,  A N D  V O B S  A R E  I N  (G. G L U C O S E / L / H R )
X K S  =  1 . 1 2 8 0 3 6  
X K P  =  1 4 6 . 8 1 2 8  
X X 2  =  1 . 0 3 6 5 5 2  
X K I  =  1 0 5 2 . 8 4 8 2
T H M  =  R 2 / 3 .  * D S Q R T ( X K 2 * Y M / X K S / D S )
A F A 1 =  A F A * H 2 * D S / D P
A F A 2  =  1. +  H 2 * P 0 / X K P  +  A F A 1 * S 0 / X K P  
A F A 3  =  A F A 1 / X K P / H 1  
H S  =  6 . 7 5
H S  I S  E X T E R N A L  M A S S  T R A N S F E R  C O E F F .  I N  C M / H R  
W R I T E  ( 6 , 3 )  N ,  I S ,  T H M ,  S O ,  P O ,  T A U ,  Y M  
I F  ( N  . i£Q. 0) G O  T O  1 0 0  
S  =  I S  
A L P H A  = 1 . 0  
B E T A  =  ( S - D / 2
C A L L  J C O B I  ( 1 5 , N , 0 , 1 , A L P H A ,B E T A ,D I F  1 , D I F 2 ,D I F 3 ,R O O T ) 
N T  =  N  +  1
W R I T E ( 6 , 6 )  ( R O O T ( I ), I =  1, N T  )
S E T  U P  L A P L A C I A N  M A T R I X  
D O  1 0  I =  1 , N T
C A L L  D F O P R  ( 1 5 , N , 0 , 1 , 1 , 1 , D I F  1 , D I F 2 ,D I F 3 . R O O T ,V 1)
C A L L  D F O P R  ( 1 5 , N , 0 , 1 , 1 , 2 , D I F  1 , D I F 2 ,D I F 3 ,R O O T ,V 2 )
D O  11 J  =  1 , N T  
W 1 ( I , J )  =  V I ( J )
11 W 2 C I . J )  =  V 2 ( J )
1 0  C O N T I N U E
C C 1 = 2 . *  D S *  H I /  T A U /  R 2  
C C 2  =  H S  +  C C 1 * W 1 ( N T , N T )
D O  1 2  I =  1, N T
D O  1 3  J  =  1, N T
U 1  =  2 .  +  4 . * R O O T ( I ) * * 0 . 5  /  ( R O O T ( I ) * * 0 . 5  +
£  ( 1 . - T A U ) / T A U )
1 3  B M A T ( I . J )  =  4 . * R 0 0 T ( I ) « W 2 ( I , J )  +  U 1 « W 1 ( I , J )
£  -  4 . # R O O T ( I ) # W 2 ( I ,N T ) * C C 1 # W 1 ( N T ,J ) / C C 2
£  -  U 1 * W 1 < I , N T ) * C C 1 * W 1 ( N T , J ) / C C 2
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12 CONTINUE
C
DO 20 I = 1, N 
Y(I) = 0.8 
20 CONTINUE
C
INTO = 0
PHI = 9.*THM*THM#TAU*TAU 
G8 = H 1wSO/XKS 
G9 = H 1#S0*S0/XKI/XKS 
G 10 = AFA3*H1*S0 
WRITE (6,33) XKS, XKP, XKI, XK2 
33 FORMAT (/,3X,’K S =  ',D 16.8,//,3X,'KP = ',D 16.8,//,3X, 
£'KI= ’,D16.8,//,3X,’K2 = ’,016.8,/)
30 DO 25 1=1,N
U1 = 2. + 4.*ROOT(I)**0.5 / (ROOT(I)**0.5 +
£ (1.-TAU)/TAU)
GY 1 = 1. + G8*Y(I) + G9*Y(I)*Y(I)
GY2 = AFA2 - G10*Y(I)
B (I,NT) = 4.*R00T(I)*W2(I,NT)*HS/CC2+ U 1*W1(I,NT)*HS 
£ • /CC2 - PHI*Y (I)/GY 1/GY2 C
DO 26 J = 1, N 
B (I,J) = BMAT(I,J)
26 B(I,NT) = B (I,NT) + BMAT(I.J) * Y(J)
25 B (I,I) = B (I,I) - PHI/GY1/GY2
£ + PHI #Y (I) * (G8+2. *G9* Y (I) )/GY 1 /GY 1 /GY2
£ - PHI*Y(I)*G1O/GY1/GY2/GY2
D O  6 0  I =  1, N  
C ( I )  =  -  B ( I , N T )
C.
D O  6 0  J  =  1, N  
A ( I ,J )  =  B ( I . J )
6 0  C O N T I N U E
C A L L  G A U S L ( 1 5 , N ,N T ,A ,C ,D E L Y )
C
R E S  = 0 . 0  
D O  28 I =  1 ,N 
R E S = R E S  +  C ( I ) « * 2  
28 Y ( I )  =  Y ( I )  +  D E L Y ( I )
C
I N T O  =  I N T O  +  1 
I F  ( I N T O  . G T .  1 0 )  G O  T O  3 6  
I F  ( R E S  . G T .  1 . D - 1 6 )  G O  T O  3 0  
3 6  W R I T E ( 6 , 1 5 )  I N T O , R E S
C ............................................................................. . .......
A A 1 =  0.0 
D O  1 4  J  =  1, N  
1 4  A A 1 =  A A 1  +  W 1 ( N T , J ) * Y ( J )
Y ( N T )  =  ( H S  -  C C 1 * A A  1 ) /  ( H S  +  C C 1 * W 1 ( N T , N T )  )
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c .....................................................................................................................
D O  8 5  I =  1, N T  
W R I T E ( 6 , 6 )  Y ( I )
8 5  C O N T I N U E
C
C  F I N D  S O L U T I O N  A T  X = 0 , X = 0 . 1 , E T C .
C  W R I T E ( 6 , 1 9 )
C  P  =  H 2 * P 0  +  A F A 1 * ( S O - S / H 1)
C  L E T  Z  =  P / P 0 / H 2
C
D O  4 2  1 = 1 , 5 0 1  
X V C I )  =  ( I - D / 5 0 0 . D 0  
X V 2  =  X V ( I ) * X V ( I )
rw
C
C A L L  I N T R P ( 1 5 , N T ,X V 2 ,R O O T ,D I F  1 . X I N T P )
C
Y V ( I ) =  0 . 0  
Y ( N T )  =  Y ( N T )
D O  4 3  J = 1 , N T
Y V ( I ) =  Y V ( I ) +  X I N T P C J ) * Y (  J )
4 3  Z V ( I )  =  1. +  A F A 1 * S 0 / H 2 / P 0 * ( 1 . — Y V ( I ))
4 2  C O N T I N U E
C
C
C A L L  R A D A U  ( 1 5 , N , 0 , 1 , 1 , 0 . D O ,B E T A ,R O O T ,D I F  1 , V 1)
W R I T E ( 6 , 5 5 )
5 5  F O R M A T ( / ,  3 X ,' T H E  Q U A D R A T U R E  W E I G H T S  W ( I )  ’ , /  )
C
W R I T E C 6 . 6 )  ( V I ( I ) ,  I =  1, N T  )
C
C  A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A  
C
C  I N T E G R A T I O N  O F  E F F E C T I V E N E S S  F A C T O R  B Y  
C  " H A L F  Q U A D R A T U R E  F O R M U L A "
C  = =  S P H E R E  = =
C  E T A  1 = 0 . 0
C  E T A 2  = 0 . 0
C  D O  4 0 1  I =  1, N
C  T A U U  =  T A U  * D S Q R T (R O O T ( I )) +  1. -  T A U
C  G Y  1 =  1 . +  G 8 * Y ( I )  +  G 9 * Y ( I ) * Y ( I )
C  G Y 2  =  A F A 2  -  G 1 0 * Y ( I )
C
C  E T A  1 =  E T A 1  +  G 8 * Y ( I ) « T A U U * T A U U * V 1 ( I )/ R O O T ( I ) / G Y 1/ G Y 2
C 4 0 1  C O N T I N U E
C
C  G 11 =  ( X K S + S O + S O * S O / X K I )  * ( 1 . + P 0 / X K P )  / S O
c .....................................................................................
C  E T A 2  =  2 . / 3 . / T A U  ■ ( 1 . -  ( 1 . - T A U ) * * 3  )
C  E T A  =  G 1 1 *  ( C 8 * V 1 ( N T ) * Y ( N T )  /  ( 1 . + G 8 * Y ( N T ) +
S  G 9 * Y ( N T ) # Y ( N T )  ) /  ( A F A 2 - G 1 0 * Y ( N T )  ) +  E T A  1 )
£  /  E T A 2  C  * 2 . / 3 .
C
W R I T E ( 6 , 5 1 ) E T A  
A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A
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C  C  
C
C  Q U A D R A T U R E  I N T E G R A T I O N  S P H E R E  
C  E T A 1  = 0 . 0
C  E T A 2  = 0 . 0
C  D O  4 0 0  I =  1, N
C  T A U U  =  T A U  * D S Q R T (R O O T ( I )) +  1. -  T A U
C  G Y  1 =  1. +  G 8 # Y ( I ) +  G 9 * Y ( I ) * Y ( I )
C  G Y 2  =  A F A 2  -  G 1 0 * Y ( I )
C
C  E T A  1 =  E T A 1  +  G 8 * Y ( I ) * T A U U * T A U U * V 1 ( I ) / R O O T ( I ) / G Y 1 / G Y 2
C  E T A 2  =  E T A 2  +  T A U U * T A U U * V 1 ( I ) /  R O O T ( I )
C 4 0 0  C O N T I N U E  
C
C  G 11 =  ( X K S + S 0 + S 0 * S 0 / X K I )  * ( 1 . + P 0 / X K P )  / S O
C  E T A  =  G 1 1 *  ( G 8 * V 1 ( N T ) * Y ( N T )  /  ( 1 . + G 8 * Y ( N T ) +
C  S  G 9 * Y (N T ) * Y  (N T ) ) /  ( A F A 2 - G 10 # Y ( N T )  ) +  E T A  1 )
C  £  /  (V 1 ( N T )  +  E T A 2 )
C
C  W R I T E C 6 . 5 0 )  E T A
C  A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A A  
C
C  B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B  
C  I N T E G R A T E  E F F E C T I V E N E S S  F A C T O R  B Y  S I M P S O N ' S  R U L E
C
C  D O  4 4  I =  1, 5 0 1
C  4 4  F U N C ( I )  =  Y V ( I )  * ( T A U # X V ( I ) + 1  .--TAU ) * ( T A U * X V ( I ) +
C  S  1 . - T A U  ) /  ( 1 . + G 8 * Y V ( I ) + G 9 * Y V ( I ) * Y V ( I )  ) /
C  £  ( A F A 2 - G 1 0 # Y V ( I ) )
C
C
C  C A L L  S I M P S ( 2 5 0 ,  F U N C ,  S U M M )
E T A O  = 3 . *  T A U *  H 1 *  ( X K S + S 0 + S 0 * S 0 / X K I  ) * ( 1 . + P 0 / X K P )
£  /  X K S  /  ( 1. -  ( 1 . — T A U ) * * 3  )
E T A  =  S U M M  * E T A O  
C  W R I T E ( 6 , 5 2 )  E T A
C  B B B B B B B 3 B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B B  
C
C  C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C  
C
C  I N T E G R A T I O N  O F  E F F E C T I V E N E S S  F A C T O R  B Y
C  " H A L F  Q U A D R A T U R E  F O R M U L A "
C  = =  S L A B  G E O M E T R Y  = =
C  E T A  1 = 0 . 0
C  E T A 2  = 0 . 0
C  D O  4 0 1  I =  1, N
C  T A U U  =  T A U  * D S Q R T (R O O T ( I )) +  1. -  T A U
C  G Y  1 =  1. +  G 8 * Y ( I ) +  G 9 * Y ( I ) * Y ( I )
C  G Y 2  =  A F A 2  -  G 1 0 * Y ( I )
C  E T A  1 =  E T A  1 +  G 8 * Y ( I ) * T A U U * T A U U * V 1 ( I ) / G Y 1 / G Y 2
C 4 0 1  C O N T I N U E
C  E T A 2  =  2 . / 3 . / T A U  * ( 1 . -  ( 1 . - T A U ) * * 3  )
C  G 11 =  ( X K S + S 0 + S 0 * S 0 / X K I )  * ( 1 . + P 0 / X K P )  /  S O
E T A  =  G 1 1 *  ( G 8 * V 1 ( N T ) * Y ( N T )  /  ( 1 . + G 8 * Y ( N T ) +
£  G 9 * Y ( N T ) * Y ( N T )  ) /  ( A F A 2 - G 1 0 * Y ( N T )  ) +  E T A 1  ) /
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£ ETA2 * 2.
W R I T E ( 6 , 5 4 )  E T A  
C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C  
C  I N T E G R A T E D  B Y  Q U A D R A T U R E  F O R M U L A  S L A B  G E O M E T R Y
ETA 1 =0 .0 
ETA2 = 0.0 
DO 400 I = 1, N
TAUU = TAU * DSQRT(ROOT(I)) + 1. - TAU
GY1 = 1. + G8#Y(I) + G9*Y(I)*Y(I)
GY2 = AFA2 - G10*Y(I)
ETA 1 = ETA 1 + G8*Y(I)*TAUU*TAUU*V1 (D/GY1/GY2
ETA2 = ETA2 + TAUU*TAHU*V1(I)
400 CONTINUE 1
G 11 = (XKS+S0+S0*S0/XKI) * (1.+P0/XKP) / SO 
ETA = G11* ( G8*V1(NT)*Y(NT) / ( 1.+G8*Y(NT)+
£ G9#Y(NT) *Y (NT) ) / ( AFA2-G10*Y(NT) ) + ETA1
£ / (V1(NT) + ETA2)
WRITE(6,53) ETA
Y Y  =  V O B S  /  Y M  /  E T A  
W R I T E ( 6 , 7 7 )  Y Y  
7 7  F O R M A T ( / , '  Y Y  =  ' . F 1 5 . 6 , / )
V P R E D  =  E T A  * X K 2 * Y M * S 0  /  C X K S + S 0 + S 0 * S 0 / X K I ) /  
£  ( 1. +  P O / X K P )  F F  =  C V P R E D  -  V O B S )  /  V O B S
W R I T E ( 6 , 5 6 )  F F  
5 6  F O R M A T ( / / , '  F F  =  ’ . D 1 5 . 6 , / )
G O  T O  2 0 0  
1 0 0  S T O P  
E N D
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C  A P P E N D I X  B - 1 0
C
C  M A I N  P R O G R A M  M A I N
C
C  K I N E T I C  P A R A M E T E R  D E T E R M I N A T I O N  O F  I M M O B I L I Z E D  C E L L S  W I T
C  * P E L L I C U L A R  M O D E L  K I N E T I C S  W I T H  S U B S T R A T E  £  P R O D U C T  I N H
C  B Y  T H R E E  P O I N T  C O L L O C A T I O N  A N D  G A U S S - N E W T O N  M E T H O D  
C
I M P L I C I T  R E A L , * 8  ( A - H ,  O - Z )
C O M M O N  /  B L O C K  1 /  C O ,P O ,V O B S ,Y M
D I M E N S I O N  F ( 3 3 ) ,  X ( 4 ) ,  E ( 4 ) , C 0 ( 3 3 ) ,  P 0 ( 3 3 ) ,  V O B S ( 3 3 )  
£  Y M ( 3 3 ) , F F 1 ( 3 3 ) ,  Y Y Y C 3 3 )
C O M M O N  W ( 5 0 0 )
C
N I  =  5  
N O  =  6
C
R E A D  ( N I , 0 0 1 )  N ,  M ,  M A X F U N ,  I P R I N T
0 0 1  F O R M A T  ( 8 1 1 0 )
R E A D  ( N I . 0 0 2 )  E S C A L E
0 0 2  F O R M A T  ( 8 D 1 0 . 3 )
D O  1 0 0  I =  1. N
1 0 0  R E A D  ( N I . 0 0 2 )  X ( I ) ,  E ( I )
C
D O  3 0 0  K  =  1, M
R E A D  (N I ,7) C O ( K ), P 0 ( K ) ,  V O B S ( K ) ,  Y M ( K )
7  F O R M A T  ( 4 D 1 0 . 4 )
3 0 0  C O N T I N U E
D O  1 8  K  =  1, 3 3
R E A D  ( N I , 1 0 )  (Y ( K ,I ), 1 = 1 , 4 )
1 0  F O R M A T  ( 4 D 1 0 . 4 )
1 8  C O N T I N U E
C
W R I T E  ( N O , 0 0 3 )
0 0 3  F O R M A T  ( 1 H 1,1 O X ,2 7 H P 0 W E L L  R E G R E S S I O N  A L G O R I T H M  )
W R I T E  ( N O , 8 )
8  F O R M A T  ( / , 9 X , ' C O , ( G / L ) ' , 8 X , ' P O , ( G / L ) ' , 7 X , ' V O B S , ( G . G L U .  
$  5 X , 1Y M , ( G . G L U . / L / H R ) ', / , 7 8 ( ’ * ’ ) , / )
D O  4 0 0  J  =  1, M
W R I T E  ( N O , 9 )  J ,  C 0 ( J ) ,  P 0 ( J ) ,  V O B S ( J ) , Y M ( J )
9  F O R M A T  ( 1 4 , 4 ( 4 X ,F 1 2 . 5 ) )
4 0 0  C O N T I N U E
W R I T E  ( N O , 15)
1 5  F O R M A T  ( / , ’ T H E  I N I T I A L  G U E S S  O F  Y ( K , I ) : ' )
D O  2 0  K =  1, 3 3
W R I T E  ( N O , 16) (Y ( K , I ), 1 = 1 , 4 )
1 6  F O R M A T  ( 4 F 1 5 . 5 )
2 0  C O N T I N U E
C  ...........................................................................................
C A L L  S S Q M I N  (M ,N ,F ,X ,E ,E S C A L E . I P R I N T ,M A X F U N ,F F ,F F 1 , N I  
£  Y ,  Y Y Y )
C  .............................................................................................
W R I T E  ( N O , 0 0 4 )  F F
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2 5 5
004 FORMAT (//,2X,36HTHE SUM-OF-THE-SQUARES DIFFERENCE = , 
WRITE (NO,005)
005 FORMAT (//,2X,24HFINAL COEFFICIENT VALUES )
DO 200 J = 1 , N
200 WRITE (NO,006) J, X(J)
006 FORMAT (/,2X,2HX(,12,4H) = ,1PD16.8)
C
WRITE (NO,111)
111 FORMAT (/,9X,'CO,(G/L)',8X,’PO,(G/L)’,7X,’ VOBS 
£ ’ETA.RA(S.P)’,/,78(’*’),/ )
DO 700 J = 1, M
WRITE (NO,112) J, CO(J), PO(J), VOBS(J), FF1(J)
112 FORMAT (14,4(4X,F 12.5))
700 CONTINUE
C
WRITE (NO,113)
113 FORMAT (/,9X,'CO,(G/L)’,8X,’PO,(G/L)’,7X,'VOBS/ETA/YM’ 
£ /,78('#'),/ )
DO 800 J = 1, M
WRITE (NO,114) CO(J), PO(J), YYY(J)
114 FORMAT (3(4X,F 12.5))
800 CONTINUE
STOP
END
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